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Abstract. We study compact Kahler manifolds X admitting nonvanishing 
holomorphic vector fields, extending the classical birational classification of 
projective varieties with tangent vector fields to a classification modulo de- 
formation in the Kahler case, and biholomorphic in the projective case. We 
introduce and analyze a new class of tangential deformations, and show that 
they form a smooth subspace in the Kuranishi space of deformations of the 
complex structure of X. We extend Calabi's theorem on the structure of com- 
pact Kahler manifolds X with ci{X) = to compact Kahler manifolds with 
nonvanishing tangent fields, proving that any such manifold X admits an arbi- 
trarily small tangential deformation which is a suspension over a torus; that is, 
a quotient of F fibering over a torus T = C*/A. We further show that ei- 
ther X is uniruled or, up to a finite Abelian covering, it is a small deformation 
of a product F xT where _F is a Kahler manifold without tangent vector fields 
and T is a torus. A complete classification when X is a projective manifold, 
in which case the deformations may be omitted, or when dim X < s + 2 is 
also given. As an application, it is shown that the study of the dynamics of 
holomorphic tangent fields on compact Kahler manifolds reduces to the case 
of rational varieties. 
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Introduction 

This article is devoted to the study of compact Kahler manifolds admitting non- 
vanishing holomorphic vector fields or, what is equivalent, endowed with a locally 
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free holomorphic C-action for a certain s > 0. We introduce a particular type of 
deformations of such manifolds and, as an application, we describe quite precisely 
their structure. Our study relies on the work carried out simultaneously and in- 
dependently by A. Fujiki [17 and D. Lieberman [29]. We use specially their deep 
result on the structure of the group of holomorphic automorphisms of a compact 
Kahler manifold (cf. Theorem 11.21) . 

Our work is a continuation of the classical study of complex projective manifolds 
with tangent vector fields, which led to their birational classification up to finite 
covering, successively developed by F. Severi, R. Hall and D. Lieberman ([22], [H], 
[28)'). The conclusions were summarized in Theorem 1 of [28 as 

Theorem 0.1. Let X be a complex projective manifold with a holomorphic tangent 
vector field V . Then: 

a) X has a finite etale Abelian covering X' which is birational to a product M x 
T X CP'', where M is another projective manifold, T an Abelian variety, and 
<CP^ the projective space of dimension r > 0, such that the lift of the tangent 
vector field v to X' has trivial component in TM . 

b) // the tangent vector field v on X vanishes at some point then X is ruled. 

In Theorem 13.21 below we continue this classification in the case of nonvanishing 
vector fields, obtaining a classification up to biholomorphism by using suspensions 
over Abelian varieties (see Example 12. 4p and repeated etale Abelian coverings in 
order to exhaust all tangent vector fields. 

Tangent vector fields play a role in the classification of algebraic varieties, spe- 
cially in the case of Kodaira dimension 0. The earliest indication of this fact known 
to the authors is the result stated by Eugenio Calabi in [Sj. In that article, E. Calabi 
formulated his celebrated conjecture about Kahler manifolds admitting Ricci-flat 
metrics and, under the assumption that the conjecture was true, he proved the 
result stated as Theorem l0.2l b elow . This theorem describes the structure of com- 
pact Kahler manifolds with trivial first Chern class, i.e. with ci{X) — 0. It was 
proved for projective manifolds by Y. Matsushima in f31' using previous results by 
A. Lichnerowicz, but without the assumption of Calabi's conjecture, and extended 
to the general Kahler case by F.A. Bogomolov [7] and independently by Lieberman 

m- 

Theorem 0.2 (Calabi, [5], [SI], [Z], [IH])- Let X be a compact Kahler manifold with 
ci{X) = and hi{X) > 0. Then X admits, as a finite etale covering, a product 
X' = F X T , with T a complex torus of real dimension bi{X') and F a Kahler 
manifold with Ci{F) = and bi{F) — 0. Moreover, X' is a regular covering space 
of X and the group of covering transformations is solvable. 

This Theorem was improved by Beauville in [H], where he completely describes 
the topology and the geometry of the fiber F. 

The proof of Calabi's theorem may be succintly described as follows: Use the 
triviality of the canonical bundle to show that X (or a finite covering of it) has 
q — ^bi{X) linearly independent nonvanishing tangent vector fields; check that 
the Albanese morphism is onto, the tangent vector fields are lifts from the tangent 
bundle on the Albanese torus, and they make X (or a finite covering of it) a 
suspension with trivial monodromy over the Albanese torus. 

In this work we develop a refinement of the above argument to prove an extension 
to general Kahler manifolds of Calabi's theorem, namely our Theorem 13.21 and 
Proposition 17.31 mav be condensed as: 
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Theorem 0.3. Let X be a compact Kdhler manifold with s non vanishing tangent 
vector fields Wi, . . . defining a locally free <C -action. Then X admits a small 
deformation X^, which is a suspension over an s -dimensional torus T . 

Furthermore, there is a finite Ahelian covering X'^ of a small deformation X^ of 
X , a torus T' of dimension s' > s and a compact Kdhler manifold F without non 
vanishing vector fields in such a way that, 

(i) if kod{X) > then X'^ — F x T' and F has no vector fields, 

(ii) j/kod(X) = —oo then X'^ is a topologically trivial suspension over T' and fiber 
F. 

In both cases kod(-F') = kod(X). If X is a complex projective manifold one may 
omit the small deformation of the complex structure, and the above decomposition 
holds for X^ — X . 

Here, kod{X) denotes the Kodaira dimension of X. The definition of a suspen- 
sion manifold is recalled in Example 12.41 

We notice that a locally free holomorphic C*-action, i.e. a holomorphic C-action 
for which every isotropy group is discrete, is determined by s holomorphic vector 
fields vi, . . . ,Vs generating an s-dimensional Abelian Lie algebra a such that each 
vector field in a different from zero is a non vanishing vector field. On a compact 
Kahler manifold X, the set f}^ of vector fields having zeros is an ideal of the Lie 
algebra t) of holomorphic vector fileds on X, there is a direct sum decomposition 
f) = f)^ © a, where a is an Abelian subalgebra of f), and X admits a locally free 
holomorphic C-action if and only if dim a > (cf. Propositions 11.41 and II . 6|) . Hence 
the hypothesis in the above Theorem is fulfilled whenever s = dim(()/l)^) > 0. This 
is the case, in particular, if X admits a non vanishing vector field. 

The small deformation of the complex structure of X cannot be avoided in the 
general Kahler case if ci{X) ^ 0, as it is shown by the examples discussed in 
Section [71 

On the other hand, for X compact Kahler with ci{X) = 0, the dimension of 
the space of holomorphic vector fields on X is bi{X)/2 and this fact also renders 
innecessary the small deformation of complex structure, thus CoroUarv 16.81 to our 
Theorem 10.31 refines Calabi's theorem, as we show that the group of covering trans- 
formations is in fact Abelian. This refinement had been previously established in 
[7] in the case when X is a complex projective manifold. 

Besides this extension of Calabi's theorem from Calabi-Yau manifolds to any 
Kahler manifolds with nonvanishing tangent vector fields, the authors hope that 
the results of this work may have further applications in the case of manifolds of 
Kodaira dimension zero. K. Ueno (cf. [33, §11]) made a conjecture, which is the 
extension of Calabi's one to this setting, and was refined by Janos KoUar (cf. [25] 
4.16) as: 

Conjecture 0.4 (Ueno, KoUar). Let X be a smooth, projective variety with kod[X) — 
0. Then X has a finite, etale covering X such that X is birational to the product 
of an Abelian variety and a simply connected variety F with kod{F) = 0. 

Corollary [SrUj is a modest contribution to this problem, establishing the conjec- 
ture if one has dim X — 2 linearly independent nonvanishing tangent vector fields, 
a particular case being threefolds with non vanishing vector fields. 

This Corollary is a particular case of the classification of compact Kahler and 
projective manifolds with dhaX — 2 linearly independent nonvanishing tangent 
vector fields carried out in Section [5| based on Theorem 10.31 and the classification 
of curves and surfaces. 
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In Section [S] we extend the results in |29j concerning the dynamical properties of 
a holomorphic tangent vector field w on a compact Kahler manifold X. Applying 
Theorem lO.31 we show that the dynamical system {X, v) becomes trivial after taking 
a finite unramified covering space of X if kod(X) > and that, in all cases, the 
dynamics of the system reduce to the dynamics of an Abelian group C x (C*)'' 
acting on a rational variety (Theorem 19.21) . 

In order to achieve all the results described above, we introduce the notion of 
tangential deformation of a holomorphic group action. A locally free holomorphic 
action of a (connected) complex Lie group G on a complex manifold X defines 
a holomorphic foliation T on X whose leaves are the orbits of the action. G- 
equivariant deformations of X change the complex structure of X as well as the 
holomorphic foliation T. The existence of a versal space of deformations for equi- 
variant deformations of compact complex manifolds endowed with a holomorphic 
action was proved by Cathelineau in [14) . In this article we consider equivariant 
deformations of the locally free G-action for which the foliation F keeps fixed its 
holomorphic transverse structure. This type of deformations, called tangential de- 
formations of the action, also admits a versal space of deformations whose tangent 
space at the origin is naturally identified to the space of infinitesimal tangential 
deformations (Theorem 14. 3p . 

We focus on the case in which AT is a Kahler manifold. Under that hypothesis and 
as a consequence of the mentioned theorem by Fujiki and Lieberman, the group G 
is necessarily Abelian. For a given locally free holomorphic C^-action on a compact 
Kahler manifold X we construct a family Xr of tangential deformations of the 
action parametrized by smooth space R with the following properties: 

(1) i? is an open subset of an Euclidean space C^, complementary to an affine real 
algebraic variety. 

(2) The family Xr is versal at each point r £ R fTheorem l5.5l and Proposition l5.19p . 

(3) Each element Xr, with r G i?, is a Kahler manifold (Theorem 15. 171) . 

We emphasize that i? is a (real) Zariski open set and not merely an small open ball 
of C^. 

Looking at general properties of tangential deformations of the action, we prove 
that the Kodaira dimension kod(A) of A is constant under tangential deformations. 
We also relate R to the Kuranishi space ICx of X showing that the forgetful map 

R — >ICx 

has a smooth image of dimension s ■ bi{X)/2. In particular this shows the following 
(cf. Theorem [nH) 

Theorem 0.5. The space H^{X,Qx) of infinitesimal deformations of a compact 
Kahler manifold X endowed with a locally free -action contains a suhspace of 
dimension i = s-bi{X)/2 of unobstructed infinitesimal deformations. Consequently 
the Kuranishi space ICx contains a smooth subspace of dimension I. 

Many of the results of this article are also valid for manifolds X belonging to the 
class C, the class introduced by A. Fujiki and whose elements are those manifolds 
that are bimeromorphic to Kahler manifolds. Hence some of the results are stated in 
that context. However, we do not dispose of a characterization of those suspension 
manifolds that are in the class C (cf. Remark [2.5p . Moreover, the class C is not stable 
under small deformations and by these reasons we do not know if the structure 
theorems of Section [7] are valid for Fujiki manifolds and we are able to prove them 
only in the case of Kahler manifolds. 

Even if it is not said explicitly, all the group actions considered along this article 
are holomorphic and the covering spaces are always unramified (etale). 
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We are very indebted to M. Brunella for inspiring discussions and to F. Touzet 
who communicated the proof of Proposition II .61 to us. 

1. Groups of automorphisms of Kahler manifolds 

Let X be a compact complex manifold of dimension n. All along this article, 
with the only exception of Section 21 the manifold X will be assumed to be Kahler 
or, more generally, to belong to the class C introduced by A. Fujiki in [T5'. We recall 
that a manifold belongs to the class C (or Fujiki class) if it is bimcromorphic to a 
Kahler manifold. Notice that Moishezon manifolds are in C and that a submanifold 
of a Fujiki manifold is again in the class C. Recently, Demailly and Faun have 
characterized compact manifolds in C as those manifolds carrying a Kahler current 

(cf. US]). 

Compact manifolds X in the class C fulfill many of the properties of compact 
Kahler manifolds. In this article we will make use of the following ones: (i) holomor- 
phic forms on X are closed, (ii) there are C-antilinear isomorphisms H'^{X, 51^) = 
m{X,n\), (iii) the Hodge theorem holds, i.e. H"'{X,C) = ®p+q=mHi{X,n\) 
and (iv) H^{X,C) is isomorphic to H'^{k\h{X),<C)-, where A\h{X) is the Albanese 
torus of X. For the proof of the above statements and a general account on the 
properties of Fujiki manifolds we refer to [l^ ^-iid [13 ■ In a sharp contrast, the 
class C is not stable under small deformations (cf. [TU] and [26)1. 

Let us denote by \)x the Lie algebra of holomorphic vector fields on X and let 
f)^ be the subspace of f)x whose elements are the vector fields on X annihilated 
by all the holomorphic 1-forms on X. Since global holomorphic 1-fornis are closed, 
f)^ is an ideal of \)x containing the derived subalgebra of 

The following characterization of f)^^ obtained by Carrell and Lieberman in [T^ 
was extended by Fujiki to the class C in [IB] . 

Theorem 1.1 (Carrell-Lieberman |12]). Let X be a compact Kahler manifold. 
Then f)^ is the vector space of holomorhic vector fields with zeros. In particular, if 
X admits a non vanishing holomorphic vector field v, then there is a holomorphic 
1-form a on X such that a{v) — 1. 

Let (p : X A\h{X) be the natural map from X to its Albanese torus A\h{X). 
Each element of the group Autc(-'^) of holomorphic automorphisms of X induces 
an automorphism of Alb(X) and the correspondence 

$ : Autc(X) — > Autc(Alb(X)) 

is a group morphism. The map is equivariant with respect to the action of 
Autc(^) on Alb(A') induced by $. The connected component of the identity 
Autc (X) of Autc(^) is mapped by $ into Aut° (Alb(X)) ~ A\h{X) and its image 
is a sub-torus Tx of A\h{X). Notice that Tx is contained in the image (piX) of X 
into Alb(X). 

The following result was obtained independently and at the same time by A. Fu- 
jiki and by D. Lieberman. The latter proved it for Kahler manifolds and the former 
for manifolds in the class C. 

Theorem 1.2 (Fujiki |17) . Lieberman [29 ). Let X be a compact complex manifold 
that is Kahler or, more generally, that belongs to the Fujiki class. Then there is an 
exact sequence of groups 

(1) 1 ^ i ^ Aut^(X) 4 Tx ^ 1 

where L is a linear algebraic group (so with finitely many connected components) 
with Lie algebra i)]^. Moreover, there is a group morphism t : C" — )■ Autc(X) such 
that the composition $ o t is the universal covering of Tx • 
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Corollary 1.3. If l^x " *-* then Autc(^) is a complex torus. 

Notice that Theorem ll.ll is also a corollary of Theoreni ll.2l Another consequence 
of the theorem is the following: 

Proposition 1.4. There is an Abelian Lie subalgebra a of ()x such that 

(2) t)x^i)]c® a, 

where the direct sum is in the sense of vector spaces. 

Remarks 1.5. (a) We denote s = dimcTx — dime Q — dime hx/hx- Then we have 
s < dimcAlb(A:) = 6i(A:)/2 and s < dimc(X). 

(b) The subalgebra a is not unique. Such a Lie subalgebra can be character- 
ized as a vector subspace of f)x of maximal dimension generated by non vanishing 
commuting vector fields. 

(c) Let vi, . . . ,Vs be a basis of a. Then the vector fields vi^ . . . ,Vs are linearly 
independent at each point of X. 

(d) The choice of a basis vi, . . . ,Vs of a determines an action of C on X which 
is locally free, i.e. an action which is injective at the Lie algebra level or, what 
is equivalent, which has discrete isotropy groups. Conversely, given such a locally 
free action m : C™ x X ^ X, of maximal rank (i.e. m is maximal), one has 
m = s and the fundamental vector fields of the action generate a subalgebra of l)x 
complementary to f)3f . If the orbits arc given by a torus action, i.e. if the action 
factorizes through a torus T — C^/A, then a is contained in the center of i)x. 

The following result is stated without proof in [33] . The proof we give here is 
due to F. Touzet. 

Proposition 1.6. The Abelian .subalgebra a of l)x fulfilling (0) can be chosen in 
the center of l)x . 

Proof. First we notice that L can be assumed to be connected just by replacing 
Tx by a finite covering, which is again a torus. Let Aut°(f)^) be the identity 
component of the automorphism group of the complex Lie algebra t}x = Lie(L). 
Since the group L is normal in G = Aut^(A'), the adjoint representation 

V-iG ^ Aut"(fii,) 
g H- Adg 

is well defined and induces a group morphism 

J ^_ Aut"fe) 

Notice that Ad{L) is closed in Aut'^(f)^), as L is an algebraic group, and that Ad(i) 
is a normal subgroup of Aut°(()3f), as Lie(Ad(i)) is an ideal of Der°(()3f ). Therefore 
the connected group Ad{L) is a normal and closed subgroup of the algebraic group 
Aut'^(f)^). Hence the quotient H is also a linear algebraic group (cf. [23]) and 
the image by "0 of the compact group Tx is necessarily constant, thus equal to the 
identity. As a consequence, V' has image contained in Ad(L). We deduce that, for 
each u e f)x, there is vi = vi{v) e t)^ such that 

[v,w] = [vi,w] \fw e f)^, 

that is, V — vi commutes with all the elements in tjx- 

We consider now w G f)x with the property that ^{{exptv}) is dense in the 
torus Tx- Then v — vi has the same property. Hence the closure Ay-^-^ of the 
group {expt{v — vi)} is an Abelian subgroup of G that is mapped onto Tx by <i>. 
This implies that v — vi is in the center of t)x and therefore that is in the 
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center of G. Now we take a group morphism i : C — > with the property 

that the composition $ o t is the universal covering of Tx- Then the morphism t 
determines an Abehan subalgebra a of \)x with the requiered properties. □ 

Remarks 1.7. (a) It follows from the above proposition that each non vanishing 
holomorphic vector field on X is included in an Abelian Lie algebra a fulfilling ^ . 

(b) Assume that the subalgebra a of [} fulfilling the properties of Proposition 
(|1.4p has been fixed and set a = (wi, . . . , Vg)- The space of holomorphic 1-forms on 
X can be decomposed as 

i7"(X,r!^) = (a\...,a^)©(/3\...,/3f-^), 

where p = hi{X)/2 = dime Alb(X), and the forms a' and fulfill oi^{vj) — (5]- and 
P^{vj) = for each j = 1, . . . , s. 

Although the forms a' are not uniquely determined unless p = s, the subspace 
(/3^, . . . , /JP"") is canonically associated to the complex manifold X. In particular, 
it does not depend on the choice of the subalgebra a. In fact, . . . , is just 

the kernel of the natural morphism 

H''{x,n],)^H''{x,exr, 

where Qx denotes the sheaf of germs of holomorphic vector fields on X. 

A manifold X will be called ruled if it is bimeromorphic to a geometrically ruled 
manifold, that is if X is bimeromorphic to the total space of a fiber bundle Y ^ B, 
which is analytically locally trivial over a complex manifold B, has fiber a complex 
projective space CP'' and has changes of trivialization in the sheaf PGL(A: + 1, Ob)- 
In the case in which X is algebraic this is equivalent, by the GAGA theorem, to 
say that X is bimeromorphic to the trivial bundle CP'' x B but this equivalence is 
no longer true in the setting of Kahler manifolds (cf . ) . A manifold X will be 
called uniruled if every point x € X lies in a rational curve C G X. 

Theorem 1.8 (Fujiki, |17j). If a compact manifold X in the class C admits a non- 
trivial holomorphic vector field v with v^ — for some point x E X , then X is 
uniruled. 

Remark 1.9. If the manifold X in Theorem ll.Sl is complex projective then it follows 
from the birational classification theorem (Theorem lO.il) that X is ruled. In 
Lieberman states that if A" is a compact Kahler manifold then it is also ruled. In 
the particular case when the automorphism group of X includes a C*-action this 
was proved by Carrell and Sommese in [13j . The authors have not been able to 
complete Lieberman's argument from in the general compact Kahler case. 

We end this section by recalling the following result of Lieberman concerning 
the Kodaira dimension, kod(A), of X and the dimension of the Lie algebra \)x- 

Theorem 1.10 (Lieberman [29]). Let X be a compact Kahler manifold. Then 

(3) dime \)x + kod(X) < dime A. 

2. Locally free actions on Kahler and Fujiki manifolds 

Let A be a compact manifold endowed with a locally free G-action. In case X 
is a Kahler or Fujiki manifold there are very few possibilities for the Lie group G. 
F. Bosio has remarked the following corollary of the mentioned theorem of Carrell 
and Lieberman. 

Theorem 2.1 (Bosio [81). Let G be a connected complex Lie group acting locally 
freely on a compact manifold X belonging to the class C. Then G is Abelian. 
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Proof. Theorem 11.11 implies that the induced action of G on the Albanese torus 
A\h{X) is also locally free. □ 

Here are some examples of compact complex manifolds naturally endowed with 
locally free C-actions. 

Example 2.2 (Tori). Complex tori, that is T" = C/A where A = Z'* is a lattice, 
are the only compact manifolds X with a locally free C^-action such that s = 
dime X. 

Example 2.3 (Principal torus fibrations). The total space X of a principal torus 
bundle 

— y X 

i 
B 

where S is a compact complex manifold, is endowed with a natural action of 
and therefore of C. If X is a Kahler manifold then the Kahler metric can be 
made invariant by averaging it with respect to the action by the compact group T*. 
Hence the base space B is necessarily a Kahler manifold. Furthermore, it will be 
seen below (cf. Remark l2.7l (a)) that the principal bundle is flat. Conversely, if B is 
a Kahler manifold and the bundle is flat then the total space is a Kahler manifold. 
This follows from a theorem of Blanchard (cf. [B], Theoreme principal II). 

Example 2.4 (Suspensions over complex tori). Let p : A — > Autc(-F') be a group 
representation, where A = (n, . . . , T2s) = 1?^ is a lattice of C and F is a compact 
complex manifold, and denote fi — p{Ti) e Autc(-F). The suspension of the repre- 
sentation p is the manifold X = F xj^C^ obtained as the quotient of the product 
F X by the equivalence relation defined by the diagonal action of A, that is 

{x,z) {fi{x),z + Ti), for i = l,...,2s. 

The suspension X = F Xa C* fibers over the torus T'^ = C/A with fiber F and 
the natural C-action on F x commutes with A inducing a locally free action 
on X. We say that X is a suspension over T^. It is proved in [30j Theorem 3.19] 
that A is a Kahler manifold if and only if F is Kahler and there are integers rii, 
for i = 1, . . . , s, such that G Aut^(F). 

Remark 2.5. The above characterizations of Kahler manifolds that are principal 
torus bundles or suspensions over tori stated in the last two examples rely on a 
criterium, due to Blanchard [^, for deciding if the total space of a fibration is a 
Kahler manifold. It is not know if Blanchard's criterium can be extended to the 
class C. Therefore we are not able to formulate such kind of characterizations for 
Fujiki manifolds. This is the main difficulty to extend the structure theorems in 
Section [7] to manifolds in the class C. 

From now on X will denote a given compact manifold in the class C and we will 
use the notation introduced in Section [T] We denote bi{X) ~ 2p. We also assume 
from now on that s = dime f)/f)i is strictly positive and we fix a subalgebra o C fix 
with f) = [)^ © a as well as a basis vi,. . . ,Vs of a. We denote by w the locally free 
C*-action defined by the choice of the basis and by the induced foliation. 

It follows from Theorem 11.21 that there are holomorphic 1-forms a^, . . . , such 
that a'(wi) = 1 and {vi) = if j ^ i. The forms a* generate the cotangent 
bundle T*J^ of at each point and we assume that they have also been fixed. 
The distribution ker Ci ■ ■ ■ Ci ker a* is integrable and defines a holomorphic foli- 
ation Q that depends on the choice of a^, . . . , a'*. This foliation is transverse and 
complementary to and also invariant by the action of C*. Therefore, we have 
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Proposition 2.6. A foliation J- on a compact manifold X in the class C defined 
by a locally free -action w admits a holomorphic foliation Q , which is transverse 
and complementary to J- , and invariant by the action w . 

Remarks 2.7. (a) This proposition implies in particular that a principal torus bundle 
whose total space is a manifold in the class C is necessarily flat (cf. Example I2.3p . 

(b) Notice that all the leaves of G are biholomorphic. In the case in which 
the leaves of G are compact they define a fibration of X over a complex torus of 
dimension s and X is a suspension. 

We denote by i^J^ the normal bundle of the foliation J^, i.e. lyJ- = TX/TF. The 
existence of the C-invariant foliation Q implies that, at each point oi X , we can 
find local coordinates (i^, . . . , t*, z^, . . . , z""'') with the properties 

d 

(4) Vi = ^ and a* = df . 

In these coordinates J- is defined by z*^ = const, and G by t* = const. As a 
consequence, we obtain: 

Proposition 2.8. There is a natural isomorphism between the canonical bundle 
Kx of X and the determinant Aetv*}^ of the conormal bundle v*T of J- . 

Proof. If [t], . . . , tf, zj, . . . , z"~^) are local coordinates fulfilling and we define 
-qi — A ■ ■ ■ A a"^ A dz} A ■ ■ ■ A dz^^'^, then rjj — gjirji with 

5..-det 

Hence the cocycle {gji) defines the line bundle Kx as well as det v*F. □ 
We then obtain: 

Corollary 2.9. Assume that X is a suspension F xa C over a torus T = C^'/A. 
Then one has kod(A) = kod(_F) and ci{F) — l*ci{X) where l : F ^ X is the 
identification of F with a fiber of the projection A — > T. 

Proof. Notice that the tangent bundle TF of F is canonically isomorphic to the 
restriction of vF to F. As the Kodaira dimension is invariant by finite coverings we 
can assume, using [30l Theorem 3.19], that the monodromy of the suspension has 
values in Autc(F). By Propositiond^there are isomorphisms K|™ = (det;/* J")®™ 
for every to e Z. Consequently the spaces H^{X, K^™) are naturally identified with 
the subspaces of H°{F, (det iy*F)®"') = H°{F, iff") invariant by the monodromy. 
Ueno proved [331 Corollary 14.8] that Aut° (F) acts trivially on the pluricanonical 
section spaces H°{F,Kf"'). Therefore iff") = h^iF^Kf"") for every m. 

The relation between the first Chern classes follows from the adjunction formula. 

□ 

Let 57^ be the sheaf of germs of holomorphic k- forms on A. As remarked above 
p = bi{X)/2 > s. We can choose holomorphic 1-forms (3^, /J^"" on X such that 

(5) {a\...,a%l3\...,f3P-^} 

is a basis of H°{X, i}]^) and that (3^ {vi) = for z = 1, . . . , s and j = 1, . . . ,p — s. 
Since are closed they are in fact basic forms with respect to F. We recall that a 
differential form 7 is said to be basic with respect to a foliation if it fulfills 4^7 = 
and iwd'^ = for each local vector field w tangent to the foliation. We shall denote 
by fi^/jr the subsheaf of Vl\ of those k-forms that are basic with respect to F. 
The following decomposition of global holomorphic forms on X will be useful in 
the sequel. 
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Lemma 2.10. Each global holomorphic k-form j on X can be written in a unique 
way as a sum 

0<|/|<min(fe,s) 

with I ~ {ii, . . . ,i„i), 1 < ii < ■■■ < i„i < s and \I\ = m, and where = 
a'^ A • • • A a*'" and 7^ is a holomorphic [k — m)-form basic with respect to T . In 
particular we have 

iYi\n{k,s) i 

H\X,^l\)^ /\(a\...,a^)c®i/°(X,l]^7^). 

Proof. Let 7 be a global holomorphic fc-form on X and set £ = min(A:, s). For each 
/ = (zi, . . . , im)i with m < k and 1 < ii < ■ ■ • < «m < s, and a given fc-form w we 
denote lo^ = iy. o • • • o i^. uj. We put 70 = 7 and we define 71, . . . , 7^ recursively 
by 

7m+l=7m- "^^Tm- 
\I\=i-m 

Notice here that the {k — £ + TO)-forms 7^ are holomorphic global forms and thus 
they are closed. Moreover, by construction they fulfill iyJm — fo^' each vector v 
tangent to J-. Therefore they are basic with respect to T and 

e 

1=Y1 J2 ^' ^ "ii-m + 7£ 
m=l \I\=m 

is the required decomposition. □ 

3. Projective manifolds with nonvanishing tangent fields 

In this section we will assume that X is a complex projective manifold. Our 
study in this algebraic context becomes a continuation of the classical study of 
complex projective manifolds with holomorphic tangent vector fields, which led to 
their birational classification summarized in Theorem lO.il The Albanese mapping 
and Poincare's reducibility theorem lead to a biholomorphic classification of these 
manifolds which is simpler than in the Kahler case. 

Following Theorem 11.21 and Remark 11.51 about the structure of the Lie algebra 
of holomorphic tangent vector fields, the existence of nonvanishing tangent vector 
fields is equivalent to the existence of a holomorphic locally free C-action on the 
manifold. We will work directly with these locally free actions. The basic fact 
beyond the classical theory is: 

Proposition 3.1. Let X be a complex projective manifold, admitting a locally free 
holomorphic -action. Then X is a suspension F Xa over an Abelian variety 
of dimension s > r, with fiber a connected projective manifold F . 

Proof. As X is closed Kahler, the C'-action can be extended to a locally free 
holomorphic action of maximal rank s = dime Tx = dim i)x /^x have recalled 

in Section [1] 

The Albanese torus Alh{X) of X is an Abelian variety, therefore the subtorus 
Tx C Alb (X) in the Fujiki-Lieberman structure Theorem 11.21 is also an Abelian 
variety, and by Poincare's Reducibility Theorem (see IP, §5.3]) it has a complemen- 
tary Abelian subvariety Z such that Tx Z is finite, Tx + Z = Alb(A'), and the 
addition law induces an isogeny c: Alb(Ar) — > Tx x Z. 

The composition of the Albanese morphism of X with this isogeny and the 
natural projection 

X A Alb(X) -^TxxZ ^Tx 



DEFORMATIONS OF KAHLER MANIFOLDS WITH VECTOR FIELDS 



11 



maps the tangent subspace of X generated by the C^-action isomorphically into 
the tangent space of Tx- Consequently X is a suspension over Tx, with parallel 
transport given by the C^-action and possibly disconnected fibers. The Stein fac- 
torization oi X ^ Tx is thus unramified, and yields a suspension X — >■ Nx with 
connected fiber F, over an Abelian variety Nx isogenous to Tx- □ 

If X is not ruled, it follows from Theorems l0.1l and ll.2l that Aut° (X) is an Abelian 
variety of dimension s = dim f)x, isogenous to Nx- The suspension morphism X — 
Nx shows that the natural action of Autc(Ar) on X is holomorphically injective, and 
the above quoted theorems make Proposition 13.11 essentially equivalent to Carrell's 
classification theorem for such actions of Abelian varieties (cf. [TTl Thm. 8]). 

The classification of projective manifolds with locally free holomorphic C-actions 
follows from Proposition 13. II and Theorem 11.81 Putting them together yields: 

Theorem 3.2. Let X be a complex projective manifold admitting a locally free 
holomorphic 'C -action. 

(a) If X is not uniruled, it is a quotient {F x T)/T, with T an Abelian variety of 
dimension s > r, F a projective manifold with no holomorphic tangent vector 
fields and kod(i^) = kod(X), and F a finite Abelian group of biholomorphisms 
operating freely on F x T. 

(b) If X is uniruled, it admits a finite, Abelian, etale cover X' which is a suspension 
over an Abelian variety T of dimension s > r, with uniruled fiber F such that 
any holomorphic tangent vector field on F has zeros- The monodromy of the 
suspension X' — T has values in the group Aut^(_F). 

Remark 3.3. This Theorem proves the algebraic part of Theorem 10.31 Its proof 
mirrors that of Proposition [53] which deals of the general case of Kahler manifolds. 
As examples in Section [7] show, the fact that Poincare's reducibility theorem is no 
longer valid in the Kahler setting forces the introduction of deformations of the 
complex structure. 

Proof. We may assume that the locally free action on X is of maximal rank s. 
By Proposition 13. 11 X is a suspension over an s-dimensional Abelian variety Nx^ 
isogenous to Tx, and with fiber a connected projective manifold Fi. 

Let the suspension structure on X be given by Nx = C'^/A, with A = (ti, . . . , T2s) 
a cocompact lattice defining the torus Nx, p : A — Autc(-F) the monodromy of 
the suspension, and fi = p{Ti) the generators of the monodromy. 

By 12.41 the fact that the total space X of the suspension is Kahler implies that 
all the monodromy automorphisms have a finite power G Autc(F), i.e. there is 
a finite etale Abelian covering Ti — > Nx such that the pullback of X over Ti is a 
finite etale Abelian covering Xi — > X, and also a suspension over Ti with fiber Fi 
and monodromy automorphisms in Aut^(i<i). 

If Fi has no nonvanishing holomorphic tangent vector fields it can be checked 
that we have reached the sought cover: 

(i) kod(Fi) = kod(A) by CoroUaryHH 

(ii) If X is not uniruled neither is Xi nor Fi . Indeed, as all the fibers of Xi Ti 
are isomorphic, if Fi were uniruled there would be a rational curve passing 
by each given point of Xi- Now Fujiki's Theorem 11.81 implies that f)]^^ — 0. 
Therefore the suspension monodromy has values in Aut^(_F'i) ~ {Id}, i.e. Xi 
is biholomorphic to Fi xTi- 

(iii) If X is uniruled so is its etale cover Xi. Since rational curves map to points 
in the suspension basis Ti, the fiber Fi is uniruled as well. 

If Fi has nonvanishing holomorphic tangent vector fields, we apply an iterative 
process: let f)Fi be the Lie algebra of holomorphic vector fields in Fi, and apply 
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Proposition II .61 to choose an Abelian subalgebra a^i corresponding to a C-action 
of maximal rank in Fi, such that is central in 1)Fi- 

As the monodromy of the suspension Xi — Ti lies in Aut^(-F'i) it must com- 
mute with the central algebra ap^- Therefore its tangent vector fields may be 
extended by parallel transport from the fiber Fi to the suspension total space Xi 
as nonvanishing tangent vector fields. These extensions, to be denoted {vi^ . . . , Vr), 
commute with the horizontal vector fields {hi, . . . ,hs) which are the lifts to Xi 
of f)Ti = H^{Ti,Qti) defining the suspension's parallel transport. Thus axi = 
{vi, . . . ,Vr,hi . . . hs) is an Abelian subalgebra of f)Xi , spanned by r + s linearly 
independent nonvanishing vector fields. It has maximal rank among such algebras: 
the algebra i)Xi is the direct sum 

f)Xi = {hi,...,hs)®H°{Xi,Vert) 

where Vert is the sheaf spanned by the vector fields vertical with respect to the 
projection Xi — > Ti. As the horizontal fields hi,...,hs are central in i)Xi, the 
morphism H'^{Xi,Vert) t)p-^ given by restriction to a fiber is injective. This 
induces a natural inclusion of Lie algebras 

t)x^ ^ {hi,..., hs) © H°{Xi,Vert) C {hi, . . . , h^) ® i)F, • 

If there existed an Abelian Lie subalgebra a C i)Xi formed by nonvanishing tangent 
fields, with dimd > r + s, then its inclusion in {hi, . . . , hg) ® [)Fi would have an 
intersection with ijPi of dimension > r. This contradicts the maximality of api. 

By Proposition 13.11 the algebra Oxi determines a suspension Xi Ni, over 
an (r + s)-dimensional Abelian variety, with a connected fiber F2. Again bv 12.41 
the monodromy automorphisms of this suspension have a finite power in Autc(-F2)- 
Consequently, there is a finite etale Abelian covering T2 — A^i such that the pull- 
back X2 of Xi over T2 is a suspension with fiber F2 and monodromy in Aut^(_F'2). 

The induced map X2 Xi is also a finite etale Abelian cover. Moreover, the 
composition of coverings X2 — ATi — >■ AT is still regular and Abelian. The reason 
for its regularity is that the automorphisms of the cover Xi ^ X are realized by 
integration up to time 1 in Xi of suitable linear combinations of the horizontal 
fields hi, . . . ,hs. These tangent fields have become parallel transport vector fields 
of the suspension Xi — Ti by our choice of algebra , and the isogenous base 
change T2 Ti lifts canonically to X2 the vector fields hi, . . . ,hs, thus also the 
integration up to time 1 of their linear combinations. The Abelianity of the cover 
follows from the fact that the vector fields vi, . . . ,Vr, hi . . . hg commute in Xi, hence 
also in X2, and the automorphisms of both covers Xi — >■ X, X2 Xi are defined 
by integration up to time 1 of suitable linear combinations of them. 

The iteration step concludes here. We have obtained a suspension X2 — > 72, with 
X2 a finite, Abelian etale cover of X, fiber F2 with kod(f2) = kod(A2) = kod(A), 
and monodromy in Autc(-F2)- 

Repetition of the above procedure yields a sequence of suspensions Xi — > Ti 
with fiber Fi, again with Xi Abelian etale covers of X, kod{Fi) — kod(A) and 
monodromy in Autc(-Fi)- the dimension of the basis tori T2,T3, . . . grows strictly 
the iterative process must reach a final suspension Xf Tf such that its fiber Ff 
does not have any nonvanishing vector field, i.e. no holomorphic locally free C- 
action. 

If X is not unirulcd neither is Xf nor Ff. By Fujiki's Theorem 11.81 we have 
f))^^, = 0. Hence the fiber Ff cannot have any tangent vector field so Aut°(F/) = 
{Id} and the trivial suspension Xf = Ff x Tf has been reached. 

If X is uniruled, so are all its etale covers up to Xf, and the fiber Ff as well 
because rational curves in Ay must map to a point in Tf. □ 
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We can use the structure Theorem 13.21 to classify algebraic manifolds with suf- 
ficiently many vector fields and to establish for them Ueno's conjecture 10.41 This 
is done in Corollaries 18.91 and 18.101 below as specialization of the arguments in the 
Kahler case. 

4. Tangential deformations of locally free holomorphic actions 

Through this section X will be an arbitrary compact complex manifold, i.e. not 
necessarily Kahler or belonging to the Fujiki class. Let us assume that X is endowed 
with a holomorphic action w : G 'x X ^ X, where G is a connected complex Lie 
group. Such an action is defined by a representation 

(6) p:G^Autc(X) 

from G into the group Autc(X) of holomorphic automorphisms of X. When w 
is locally free, i.e. it has discrete isotropy groups, then it induces a holomorphic 
foliation F on X whose leaves are the orbits of the action. 

Let J-^^ denote the transversely holomorphic foliation obtained from J- by for- 
getting the complex structure along the leaves. One can consider deformations of 
the holomorphic foliation F that keep fixed its transversal type; that is, holomor- 
phic deformations Jv of J- such that the transversely holomorphic foliation 
coincides with J^**". This type of deformations were studied in [20] and [19], where 
they are called /-deformations. In [20], Gomez-Mont studies the space of infini- 
tesimal /-deformations of holomorphic foliations, which is naturally identified to 
H^{X, TF), i.e. the first cohomology group of X with values in the tangent bundle 
TF of F. The existence of a versal or Kuranishi space for /-deformations, i.e. a 
germ of analytic space {IC-^,0) parametrizing a versal family of /-deformations of 
J", is proved in [Tg. The tangent space of {IC^ ,0) at is H^{X,TF). 

Families of /-deformations of F can be viewed as unfoldings of F, that is families 
of complex structures on X for which F*^ becomes holomorphic. More precisely, a 
family of /-deformations of F parametrized by a germ of analytic space {R,rQ) is 
given by a proper and flat morphism tt : Xn R, an identification l : X ^ X^ 
of X with the fiber Xr^ = 7r~^(ro) and a holomorphic foliation Fr on Xb, of the 
same codimension than F, which is transverse to the projection tt and such that the 
restriction Jv^ of Fr to X = X^-f, coincides with F. Such a family of /-deformations 
will be denoted by {Xj^, t, tt, Fb)- 

Notice however that /-deformations J> of F need not to be equivariant, in the 
sense that Fr are not necessarily defined by an action. By this reason we give the 
following definition, which is inspired in the notion of equivariant deformations of 
complex manifolds introduced by Cathelineau in |14) . 

Definition 4.1. Let X be a compact complex manifold endowed with a locally 
free holomorphic action w : G x X ^ X and let F be the foliation defined by w. 
By a family of tangential deformations of va we mean a family of /-deformations 
{Xn, L,iT, Fr) of F and a holomorphic action wr of G on Xr fulfilling the following 
properties: 

(i) tur extends the action w oi G on X = i{X) ~ Xr^, 

(ii) zur preserves the fibers of tt and 

(iii) the orbits of the action are tangent to Fr. 

Then -cur induces a locally free G-action -cUr on Xr for each r £ R and the leaves 
of J> = J-"|xr are the orbits of zur- 

Such a family will be denoted by (Xr, l^tt^-cur) and each pair {Xr,'cur), with 
r £ R, will be called a tangential deformation of {Xo,mo) = {X,zu). We will just 
write {Xr, vdr) instead of {Xr, l, tt, ^r) when there is no danger of confusion. 
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Definition 4.2. Two families {Xn, L,TT,vuii) and (X^, t', tt', lu^) of tangential de- 
formations of {X, zu), parameterized by the same germ of analytic space R, are said 
to be isomorphic if there is a G-equivariant biholomorphism : Xn — >■ X'j^ fulfilling 
(/) o i = i' and t:' o (j) — TT . 

A family of tangential deformations {Xn, wr) of {X, w) is called versal if it fulfills 
the following property: for any other family (Xst'cus) of tangential deformations of 
{X, zu) there is an analytic morphism of germs of analytic spaces ip : S ^ R such 
that 

(i) the pull-back family (tp* {X ji) , tp* {tu n)) parameterized by S is isomorphic to 
(Xs,ra7s), and 

(ii) the tangent map dsg(p of ip at the distinguished point sq of S is unique. 
If such a versal family exists then it is unique up to isomorphism. 

Notice now that the sheaf of germs of holomorphic vector fields tangent to 
is a G-sheaf and therefore we can consider the equivariant cohomology of X 
with values in the tangent bundle TJ" of T, that we denote by Hq{X,TF). Let 
n^'''{X^TiF) be the Frechet space of (0, (7)-forms on X with values in TiF and de- 
note by C^{G, 17°'' (X, TT)) the space of holomorphic p-cochains with values in the 
G-module n°'i{X, TT). Then H^{X, TT) is the cohomology of the double complex 

(7) iiCl{G,n'-^X,TT))),,„S,d) 

where S denotes the Eilenberg-Maclane coboundary operator and d is the usual 
delta-bar operator. As usual, infinitesimal tangential deformations of {X, w) can 
be defined as isomorphism classes of families parameterized by the double point 
D = {*, C(t)/(t^)}. The space of infinitesimal deformations is naturally identified 
to H^{X,TT). Moreover, to each family of tangential deformations {Xj^,tuji) of 
(X, zu) there is associated in a natural way a linear map 

K : Tj-qR — y Hq(^X, TT) 

which is called the Kodaira-Spencer map of the family (cf. |14)V 

The following theorem states the existence of a versal family and it can be proved 
in the same lines as the corresponding statement for equivariant deformations of 
complex manifolds (cf. [Ml Theoreme 1 and Proposition 1]). 

Theorem 4.3. Let X be a compact complex manifold endowed with a locally free 
holomorphic action w : G x X X and let T be the induced holomorphic foliation. 
Then there is a germ of analytic space {ICq, 0) parametrizing a versal family of 
tangential deformations of the action w. The tangent space to K}q at is isomorphic 
to Hq {X, TT) and it is naturally identified to the space of infinitesimal tangential 
deformations ofw. 

The following proposition is a general fact in deformation theory and can be 
deduced easily from the existence of the versal space of tangential deformations. 

Proposition 4.4. Let {Xji^uji^) be a family of tangential deformations of{X,'cu) 
whose parameter space R is smooth and such that the corresponding Kodaira-Spencer 
map K is an isomorphism. Then the family of deformations {Xj^, zuj^) is versal. 

Associated to the double complex ([7]) there is an spectral sequence converging 
to H^{X,TT) and whose second term is E^''^ = Hl{G , m {X ,T T)) . Here the 
index h denotes the cohomology of holomorphic cochains. In particular one has the 
following exact sequence that is useful in the computation of Hq{X,TT) 

^ Hl{G,H"{X,TT)) ^ hUx.TT) 4 H\X,TT)^ ^ 

^ Hl{G,H"iX,TT)) ~> Hl{X,TT). 
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5. TANGENTIAL DEFORMATIONS OF LOCALLY FREE C^-ACTIONS ON KAHLER 

AND FUJIKI MANIFOLDS 

The aim of this section is to construct the versal family of tangential deformations 
of a locally free C-action on a given compact Kahler or Fujiki manifold X and 
to study the properties of that family. 

With this purpose we consider the exact sequence (|5]) when G is the Abelian 
group C. In that case TF is trivial as a G- bundle. So G = C acts trivially on 
H°{X, TF) = C and (G, H^{X, TT)) is just the space of holomorphic group ho- 
momorphisms from G into , that is the space End of C-linear endomorphisms 
of C". Moreover, G = acts also trivially on H^{X,TT) = H^{X,OxY = 
H^{X,Vl^j^y , where the last isomorphism is C-antilinear. 

Therefore, the first terms of sequence ([5]) can be written 

(9) ^ EndC' 4 H^{X,TI-) 4 H°{X,n]^y -> . . . 

We will see below that the morphism x is surjective and therefore that Hq{X, TF) is 
isomorphic to the direct sum End C*©iJ°(X, ^\^Y ■ This motivates the construction 
of the family of tangential deformations of {X, m) that follows. 

As above vi, . . . ,Vs will denote the fundamental vector fields of the action w 
corresponding to the canonical basis of C, a^, . . . ,a'' will be holomorphic 1-forms 
fulfilling a'{vj) = 5) and {a\ a", /S^, a basis of H^{X,n\) where 
are basic forms. Although the vector fields Vi are naturally associated to the action 
137, the 1-forms a* are not uniquely determined. If fi* is another choice then a* — a' 
are basic forms, hence vanishing on TJ-. 

We denote S = EndC ® H'^{X, ■ Given an element r = (G, 6) e S, where 
e = {e\...,0'') and 9' = J2'j=i a\a^ + ECi with a}, 6^ e C, we set 



(10) < = + =a*+^a}SJ +^6l/3'' for i = 1, . 

j=i k=\ 



.,s. 



We denote A — (a^ ) and we define the matrix Ma by 

Ma = 



J- 

I_ -A 
-'A I 

Definition 5.1. Let i?o be the open subset of H^{X, ^\^y of those elements = 
{9^ , . . . ,9'^) for which det Ma ^ and denote by R the open subset of S whose 
elements are the pairs r — (G, 9) fulfilling 

(i) det G and 

(ii) det Ma ^ 0, 

that is, R = GL(s,C) x Rq. The set R is the complementary of an afhne real 
algebraic variety and its tangent space at (id, 0) is naturally identified to S = 

EndC" ® i7"(A:, n].y. 

The space R will be the parameter space of the versal family of tangential de- 
formations of {X,vu). Moreover, in the case in which X is a Kahler manifold, that 
family will be versal at each point of R. 

Condition (ii) in the above definition implies that a^, . . . are linearly inde- 
pendent at each point. Hence the forms generate a real subbundle Qr olT*X'^. 
One has Qr n i'*^ = 0, so there are well-defined complex valued smooth vector 
fields wi, . . .Ws that are tangent to J- and are determined by the conditions 

(11) Ki'^j) = and al.{wj) = 0. 
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We set 

s 

(12) Wi = Vi — a{vj for i = 1, . . . , s, 

j=i 

and we notice that 

(13) (Wl, • ■ ■ , Ws)c = (wi, . . . , Ws)^ = 

Then we define 

(14) < = Cw^. 
In this situation one has 

Proposition 5.2. Let an element r = (C, 9) of R he given and set N}.'^ = 

Qr ® u*J-^''^. Then T*X'^ = A^^'° Nr''^ and the almost complex structure so 
defined is integrable defining a complex structure Xr ■ Moreover, the vector fields 
are holomorphic and induce a locally free <C'^ -action zur on Xr, which is a tangen- 
tial deformation ofvj. This construction defines a family {Xn^vjn) of tangential 
deformations of {X, w) parametrized by R. 



Proof Condition T*X'^ = N^'° © Nr' is equivalent to det Ma ^ 0. Since aj, = 

a' + 6^ are closed, the almost complex structure on X defined by N^''^ is integrable 
and induces a complex structure Xr by Newlander-Nirenberg's theorem. 

Since vi,. . . ,Vs are holomorphic on X we see, using ([T^ . that the vector fields 
wi,...,Ws commute to each other. It is also clear that Wi are of type (1,0) on 
Xr and so are the vector fields Wi. It only remains to show that Wi are in fact 
holomorphic on Xr • 

Let (i^, . . . , i*, z^, . . . , z""") be local coordinates fulfilling A local basis of 
vector fields of type (1,0) on Xr is given by 

(15) {wi,...,w„^-Y, civj, ■ • • , - J2 <-s^i}^ 

i=i j=i 

where cj = Y^^Zi bj.f3''{d/dz''). Notice that the functions Cj are holomorphic on Xr 
and basic with respect to the foliation J^, that is only depend on the coordinates 
z^, . . . , The vector fields Wi are holomorphic if and only if the Lie brackets 

[w;%I(J] are of type (0, 1) on Xr for each local vector field w of type (1,0) on X,.. 
But this is a straightforward computation using the local basis of TX^ '^ given 
above. □ 

Remarks 5.3. (a) Notice that the almost complex structure on X by the decompo- 
sition T*X^ = N^^° © Nr-° is real-analytic. 

(b) The matrix C in r = (C, 9) corresponds to a choice of a basis of fundamental 
vector fields of the action. Hence, if r = (C, 6*) and r' = {C',9) with C ^ C 
then the complex manifolds Xr and Xr' are identical, as well as the holomorphic 
foliations Jv and J>', although the actions vor and vjr' are different. 

(c) One can consider what, in principle, could be a more general class of tangen- 
tial deformations of the action, namely those determined by the global 1-forms 
on X defined as 

(16) 5^ = -f Y^-e'-a^ + J^jlf + ^ g^a^ + J] /^l/3^ 

where the coefficients e^j, f^, g^, hj, are complex numbers. In fact, if these coeffi- 
cients are small enough then there are smooth vector fields uniquely defined by 
the conditions a^{vj) = Sj and a (vj) = 0. Moreover, if we denote by Q the real 
subbundle of T*X'^ generated by the 1-forms a\ then N'^'° ^ Q (S v*T^'° defines 
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an integrable almost complex structure and the vector fields Vj are holomorphic on 
the new complex manifold X . 

Notice however that this complex structure and the vector fields Vj are the same 
as the ones determined by the 1-forms 

Furthermore, X endowed with the C-action defined by the vector fields Vj can be 
identified with a suitable {Xr^Wr) in the family constructed above. More precisely, 
if we denote by D the invertible matrix (<5j+5j) then X coincides with Xr, where r = 

(C, (6»i, . . . , 9')) is determined by C = (cj,J = D^^ and t = T,'^]a^ + T,Kp'' with 

a'j — J2 ^In^T ^^^^ ~ J2(^mfT ■ Therefore this construction does not provide more 
general deformations of {X,w). In fact it is proved in the following theorem that 
{Xn, wr) is the versal family of tangential deformations of {X, w). In particular the 
family is complete and it contains all the small tangential deformations of (X, w) 
up to isomorphism. 

(d) It follows from the above remark that the family (X/?, tufl) does not depend 
on the choice of the 1-forms a' fulfilling — S'j. Therefore that family is 

naturally associated to {X, tu) . 

Remark 5.4. Let zu' be a locally free C^-action on a compact complex mani- 
fold X' and assume that {X',vu') coincides with a pair (X^jtUr) in the family 
{Xfi,tuji). Then (X, nj) coincides with an element of the family {X'j^,w'j^) associ- 
ated to {X', w'). Therefore the original action w : G x X ^ X \s also a tangential 
deformation of Wr ■ G x Xr — >■ Xr for each r £ R. 

Theorem 5.5. The family (X^, zur) defined above is the versal family of tangential 
deformations of {X, uj) . 

Proof. Let k : TqR — )■ h^{X,TX) denote the Kodaira-Spencer map associated to 
the family {Xii,ii7ii) at 0. Let {G = id + G',9) be a given element in S close to 
(id,0). Then (C',6') is an element of TqR = EndC* © close to zero, 

that can be seen as a cocycle in C^(C^ TJ")) © C^(C", TJ^))- An 

easy computation shows that k{G' ,9) is just the cohomology class in H^s{X,TJP) 
of that cocycle. This implies that: (i) the restriction of n to EndC is just the 
map T in ([5]), and (ii) the restriction of k to T^Ro = H^{X,il\ry is a section of 
the morphism X in ® ■ Hence k, is an isomorphism and the statement follows from 
Proposition 14.41 □ 

Let ICx denote the Kuranishi space of X, that is the parameter space of the 
versal family of deformations of the complex manifold X. Recall that JCx is a 
(possibly singular) analytic space whose tangent space at the distinguished point 
€ ICx is naturally identified to The restriction Xr^ to i?o of the 

family Xr can be seen as a family of deformations of the complex structure of X . 
Hence there is a well defined forgetful map of germs of analytic spaces 

0: (i?o,0) — > (/Cx,0). 

Moreover its tangent map d^(j) aX Q coincides with the morphism 

H\X,TF)~^ H\X,Qx) 

induced by the decomposition TX = TT © TQ. More precisely, given an element 
6* = (6*1, . . . , 6''') in Toi?o with 9^ + E ^k^^-. its image dQ^(9) is the vector 

valued (0, l)-form 

~9^^W®v,. 
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Since holomorphic forms are closed and non exact, one can see using local coor- 
dinates fufilling (HI that defines a cohomology class in H^{X, Qx) which is not 
trivial unless 9^ = for all i = 1, . . . s. This implies that is an embedding proving 
the following statement. 

Theorem 5.6. Let X be a compact manifold in the class C such that s — dime Tx = 
dimcf)x/f)x 7^ 0. Then the Kuranishi space ICx of X contains a smooth subspace 
of dimension s ■ bi{X)/2. More precisely, the canonical morphism H^{X,TF) = 
H^{X, OxY H^(X, Qx) is injective and its image are unobstructed infinitesimal 
deformations of the complex structure of X . 

We shall make distinction of two particular types of tangential deformations 
defined as follows 

Definition 5.7. Let r = {C,9) e R be given and set 6* = (6*^ . . . , 0*). We say that 
the associated tangential deformation (X^, w^) is 

(i) a, purely tangential deformation, or i- deformation, of {X, w) if 6^ G {a^, . . . , a*), 
i.e. if the coefficients 6^ in (|10p are all zero, 

(ii) a basic deformation, or 6- deformation, of {X, w) if 0^ G {fi^ , . . . , /S^"^), i.e. if 
the coefficients in (jTU]) are all zero. 

Remarks 5.8. (a) The holomorphic and invariant foliation Q, which is transversal 
and complementary to J-, remains holomorphic and invariant for each i-deformation 
of {X,w). On the other hand the foliation F remains holomorphic for each h- 
deformation of {X,w). 

(b) If (Xr,'cUr) is a t-deformation (resp. 6-deformation) of {X,w) then {X,tu) is 
a i-deformation (resp. 6-deformation) of (X^jTOr). 

Remark also that each small tangential deformation (X^', in,.') of {X, m) can be 
seen as a 6-deformation of a t-deformation {Xr,vUr) of {X,w). More precisely, if 
Xr' is determined by 1-forms ce^ = + ^a^a-' + X^^fc/^ then the manifold Xr 
determined by the 1-forms d* = a' -I- ^a'a-' is a f-deformation of X. Moreover, 

since 5* = d* + ^ the manifold Xr' is a 6-deformation of Xr- 

Notice that, as X is a tangential deformation of Xr, the previous argument also 
proves that {Xr' , zur') can be seen as a i-deformation of a 6-deformation of {X, w). 

As it is remarked in the proof of Proposition 15.21 local holomorphic functions 
on X that are basic with respect to J- are also holomorphic on Xr and basic with 
respect to Jv. By definition, the global 1-forms a* are of type (1,0) on Xr and 
they are also closed by construction. Hence a\. are holomorphic forms on Xr- It 
follows that, for each r € i?, one has h^^^(Xr) = h^^°{X), /i"'i(^,) = and 
bi{X) ~ h^-'^{Xr) + h'^'^{Xr)- In particular, the space of holomorphic 1-forms on 
Xr can be decomposed as 



Proposition 5.9. Let ax be an Abelian algebra fulfilling [)x — ax ffi f)x '^'^'^ 
Xr be a tangential deformation of X . 

(i) // ax is in the center of \)x then \]\r — 

(ii) // Xr is a b-deformation of X then ax C t)Xr f^nd f)^^ = ax ® f)x • 
// both conditions are fulfilled then tlx,- = ■ 

Proof, (i) Let w & \)\ he given. Notice that a*(u') — ar{w) — Q iov i — \, . . . , s. 
Since [ax, f)x] = 0, w is written locally as 



(17) 



H''{Xr,n\^) = {al,..., 




k=l 
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where f'^ are holomorphic functions on z^, . . . , z^~^ . It follows that w is of type 
(1, 0) on Xr- Now the same argument used in the proof of ProDOsition l5.2l shows that 
w is in fact holomorphic in Xr- The original manifold X is a tangential deformation 
of Xr (cf. Remark [5.4l) . so f)^ does not contain any additional tangent fields besides 
those arising in X. 

(ii) If Xr is a 6-deformation of X then the elements v e ax are still holomorphic 
on Xr, as it follows from the identities (|TT|) to (fH)) . □ 

We discuss now the tangential deformations of the examples of Kahler manifolds 
introduced in Section [51 

Example 5.10 (Deformations of tori). If X is a complex torus = C*/A then 
i/°(T'*, f2.jj.s can be identified with the dual space of 7J^(T*,0ts). In that case 
the space R is just the product of GL(s, C) with the versal space of deformations 
of the complex manifold as it is described by Kodaira and Spencer in [24l. 

Example 5.11 (Deformations of principal torus bundles). Assume that X is the 
total space of a principal torus bundle — > X — >■ B where = C*/A. As it 
was already noticed (cf. Example 12 .3^ . when X is Kahler then B is also a Kahler 
manifold and the bundle is flat. The possible choices of the s-tuple (a^, . . . , a'*) 
correspond exactly to the different flat connections on that bundle. 

In this situation the space of basic deformations of the action is naturally identi- 
fied to H°{B, 9}gy ^ H^{B, 0%). The exact sequence of sheaves ^ A ^ 0|j -> 
/ A ^ over B induces the exact cohomology sequence 

... -^H^{B,A) -^H\B,0%) H^{B,0%/A) H^{B,A) ^ ... 

It follows that H^{B, Og) is maped onto kerr, which is the space of (isomorphism 
classes of) topologically trivial C^/A-principal bundles over B. Replacing i? by a 
finite (unramified) covering we can suppose that H'^{B,A) has no torsion. In that 
case each topologically trivial principal torus bundle over B can be obtained from 
X by a suitable basic deformation of the action and, in particular, the trivial bundle 
is a tangential deformation of (X, ccj). 

In general, each tangential deformation of {X, zu) is a principal torus bundle over 
B. Purely tangential deformations r G R just deform the fiber C /Ar. 

Example 5.12 (Deformations of suspensions). Assume that X is a suspension over 
a torus = CVA, that is X ^ F XaC\ It follows from Remark[5l](a) that each 
purely tangential deformation of X is still a suspension, although this is not true 
for general tangential deformations of X. 

If X is a suspension one has 7J°(X,rj]^/^) = iJ°(F, 17},). Therefore if &i (F) = 0, 
or what is equivalent bi{X) = 2s, then X has no basic deformations and each 
tangential deformation of X is again a suspension. 

We end this section stating several general properties of tangential deformations 
of compact manifolds of the class C endowed with a locally free C*-action. 

If X — > X is an unramified covering then X is also endowed with a locally free 
C^-action in a natural way. Notice however that the maximal rank of such an 
action on X can increase, that is dime f)x/f)^ > s. The following statement follows 
straightforward from the definitions. 

Proposition 5.13. A finite covering X'r of a tangential deformation Xr of X is 
a tangential deformation of a finite covering X' of X . Conversely, a tangential 
deformation Xr of a finite covering X' of X is a finite covering of a tangential 
deformation Xr of X . 
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Proposition 5.14. Let X he a geometrically ruled manifold in the class C. Then 
Xr is a geometrically ruled compact complex manifold for each r G R. 

Proof. Let X be a compact manifold in tlie class C endowed with a locally free 
C*-action w, and assume that X is the total space of a locally trivial fiber bundle, 
(p: X B, with fiber CP'' and defined by a cocyle {g,j} in 7?i(B,PGL(A:+l, Cs))- 
Then B is also in the class C. Since automorphisms of X close to the identity must 
preserve the fibration (cf. [B]) each fundamental vector field v of the action w 
projects into a non vanishing vector field v on B. These vector fields define a 
locally free C-action w on B and the projection ip is equivariant with respect to 
the C-actions. Notice that every global holomorphic f-form on X vanishes on the 
fibers of (p. Hence (p* : H^{B,^l^) H'^{X,^l\^) is an isomorphism. Using this 
identification, one can associate, to each tangential deformation Xr given by a pair 
r = {C, 9), a tangential deformation B,. defined by the same expression (fTU]) . Then 
the projection if : Xr — ^ Br is holomorphic. 

Now, as the C^'-action w is transverse and preserves the fibration, the cocycle 
{gij} can be chosen to be constant along the orbits of the C-action w on B. 
This implies that the matrix-valued functions gij are still holomorphic on Br and 
therefore they define Xr as a geometrically ruled manifold over Br- □ 

Proposition 5.15. A tangential deformation Xr of X uniquely determines a tan- 
gential deformation Alh{X)r of the Albanese torus Alh{X) of X such that Alh(X)r = 
Alh{Xr), i.e. Alh{X)r is the Albanese torus of Xr. 

Proof. The locally free C-action zu on X induces a locally free C-action to on 
the corresponding Albanese torus A\h{X) and the natural map (p: X ^ Alh{X) is 
equivariant with respect to these actions. Since the map (j) induces an isomorphism 
(j>* : H'^{Alh{X), f^Aib(x)) ~^ H^i^i ^jc )j there is a natural correspondence, as the 
one considered in the proof of the above proposition, associating to each tangential 
deformation Xr of X a tangential deformation A\h{X)r of A\h{X). It follows from 
the definitions that A\h{X)r = A\h{Xr). □ 

Proposition 5.16. The manifolds X and Xr have the same plurigenera for all 
r Cz R. In particular the Kodaira dimension kod(Xr) of Xr is equal to kod(X) for 
each r G R. 

Proof. Let {t^ , . . . ,t^ , , . . . , z"~*) be local coordinates of X fulfilling ^ and let 
al be the global holomorphic 1-forms on X defined by (fTU)l . Notice that are 
also holomorphic functions on Xr. A local section of K^"^ is of the form /(t, z)?/™ 
where rj — A - ■ ■ Aa^ Adz} A ■ ■ ■ Adz^~^ and / = /(t, z) is a holomorphic function. 

Nakamura and Ueno have proved that, for each compact complex manifold Y , 
the group Aut^(r) acts trivially on iJ°(y, K^) (cf. [31 Corollary 14.8]). Applying 
this result to the C^-action we see that / is necessarily a basic function, i.e. / = 
f{z) only depends on the coordinates (z^, . . . , z""*) transverse to J-. Therefore 
H°{Xr, if®"*) is naturally identified to the space of basic global sections of the line 
bundle (det i^* Jv)™ and this space is independent of r e i?. □ 

If X is a Kahler manifold then Kodaira's stability theorem implies that Xr 
is also Kahler for every r in a neighborhood of (id, 0) in R, and we will prove the 
following result, stating that the class of Kahler manifolds is stable under tangential 
deformations. In sharp contrast the class C is not stable under small deformations. 
We do not know if tangential deformations of Fujiki manifolds still belong to the 
class C. 

Theorem 5.17. Assume that X is a Kahler manifold, then Xr are also Kahler 
manifolds for each r Cz R. 
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We postpone the proof of this theorem to Section [71 where the assertion wih 
be a corollary of general results on the structure of such manifolds. Nevertheless, 
accepting that the theorem has already been proved we can state the following two 
propositions: 

Proposition 5.18. Assume that X and Xr belong to the class C. Then 

(i) /i'='0(X) = h'^^^iXr) and h°'''{X) = h°-''{Xr) for each k, 

(ii) h^'^X) = h^'^Xr). 

If X is a Kdhler manifold the above identities hold for each r ^ R. 

Proof. Lemma B.lOl implies that there is a well defined C-linear map from H^{X, 57^) 
to H'^{XrTVl\ ) determined by the condition 

o<|/|<f o<\i\<e. 

where £ = min(fc, s), a^. = a\}- /\ ■ ■ ■ f\ ar^' , a\. = a' + 6^ and 7^ are global basic 
forms. Clearly this map is in fact an isomorphism. Preservation of 62,^^''^,^"'^ 
implies that oi h^'"^ . □ 

Proposition 5.19. Assume that X is a Kdhler manifold. Then the family {Xji, vjr) 
is the versal family of {X^, Wr) at each point r ^ R. 

Proof. In that case Xr is a Kahlcr manifold for each r £ R and H^{Xr,Oxr) is 
isomorphic to H'^{Xr,^lx )• Moreover, the dimension of these vector spaces does 
not change with r £ R. Hence the argument used to prove Theorem 1 5 . 5 1 also applies 
to each Xr with r £ R. □ 



6. The approximation theorem 

In this section we prove a key result for describing the structure of compact 
complex manifolds X in the class C endowed with a locally free holomorphic C- 
action. Namely, we prove that such a manifold can be approximated by tangential 
deformations of X that are suspensions over a torus of dimension s, i.e. X^ 
belonging to the class of manifolds described in Example 12.41 

We shall make use of the following criterium, which is valid for arbitrary compact 
complex manifolds. 

Lemma 6.1. Let X be a compact complex manifold endowed with a locally free 
action o/C and let vi, . . . ,Vs be a basis of fundamental vector fields of the action. 
Then X is a suspension over a torus T — C/A, i.e. X = F X\C^ for a suitable 
representation A —5- Autc(-F), if and only if one can choose holomorphic 1-forms 
a-' on X fulfilling (vi) — Sf and such that the set of periods of , . . . 

A = {( / a')\jeH,{X,Z)} 

J ^ J ^ 

is a lattice of . 

Proof. For each i = 1, . . . , s let /* be a multivalued holomorphic function such 
that a* = c?/*. If the set of periods A is a lattice of C then / = (/^, . . . , is a 
well-defined holomorphic submersion from X onto C^/A. The converse is clear. □ 

Remark 6.2. The fiber space F in the above theorem can always be taken connected. 
Indeed, if the fibers of the submersion f : X ^ T are not connected, one can 
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consider the Stein factorization of / 



X 



p 



N 




T 



Since the map p is finite and / is a submersion, the map tt is necessarily an un- 
branched cover, thus N is also a torus that covers T. The map p is then the sought 
suspension. 

The following result is an improvement of Theorem 2.16 in [30j. For our purposes 
here, an essential point of the theorem is the fact that the manifold X^, which 
approximates X and is a suspension over a torus, can be taken to be a basic 
deformation of X. 

Theorem 6.3. Let X be a compact complex manifold in the class C endowed with a 
locally free C -action. There is an arbitrarily small b-deformation X^ of X which is 
a suspension over a complex torus T = /A. More precisely, there is a connected 
compact complex manifold F and a group representation p : tti (T) = A — )■ Autc {F) 
such that X^ is the suspension of p. 

Proof. First, we claim that there exist arbitrarily small holomorphic 1-forms 6^,rf 
on X such that, if we set a' = a' + 0* + 77*, then 



is a lattice of C^. The proof is essentially the same as the one given in jSOj p. 
490]. Let {«!,..., a^/3^...,^P-'*} be the basis oiH^{X,Vt\) considered in ©. We 
decompose 



It follows from Remark [521(c) that the 1-forms + 9 +rj'j. determine a complex 
manifold endowed with a C-action which is isomorphic to a suitable {Xr' , vo^' ) 
close to (X, vj) . Since a* are holomorphic 1-forms on X^' , Lemma 16.11 implies that 
the manifold X^' is a suspension over a torus. 

As it has been noticed in Remark lS.SI fb). we can see (AT^', ro^') as a i-deformation 
of a suitable [Xr^Wr) close to {X,vd) with the property that [X^^Wr) is a b- 
deformation of (X^w). But X^ is a suspension over a torus as t-deformations 
of suspensions are again suspensions (cf. Example I5.12p . Hence (ATrj^Jr) fulfills 
the required conditions as Remark 16.21 assures that the fibre F of the suspension 
can always be taken connected. □ 

It follows from the above theorem that there is an exact sequence of groups 
1 ^ 'Kx[F) 7ri(A:) ^ 1?^ 1. 

Remarks 6.4. (a) It follows from Remark l5.3l (a) that X^ is real-analitically isomor- 
phic to the manifold X. More precisely, as the two complex manifolds X and X^ 
have the same underlying real-analytic structure, the identity map id: X ^ X^ is 
real-analytic. 

(b) Assume that X is a suspension over a torus T = C*/A, i.e. X = F x\C. 
If T' is a torus isogenous to T then T' = C/A', where A' is a sublattice of A, and 
there is an Abelian finite covering X' of X which is a suspension over T'. From 
this fact one deduces easily that if A' is a suspension over an s-dimensional torus. 
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where s = dime Tx ~ dime hxf^x^ then X has an AbeHan finite covering X' that 
is a suspension over Tx = $(Aut^(X)) C Alb(X). 

(c) Let X be a Kahler manifold in the hypothesis of the above theorem. Then 
is the suspension F Xa of a representation p : A ^ Autc(i^). Since X^ is a 

Kahler manifold, there is a sublattice A' of A such that p(A') C Aut° (i^) (cf. 12. 4p . 
Then the suspension X'^ = F x\r C is an Abelian finite covering of X^. Notice 
that X'^ is topologically isomorphic to the product F x T', where T' = C /A', and 
that X'^ can be seen as a 6-deformation of a finite covering X' of X (cf. 15.131 and 

(d) Any (unramified) finite covering X' of X is naturally endowed with a en- 
action but the maximal rank can increase, that is 

dime i)X'/i}x' > dime ^x/i}x- 

Examples where this inequality is strict can be constructed by considering suspen- 
sions of bielliptic surfaces. 

A more precise description of the fiber manifold F and of the representation 
p : A — >■ Autc(i^) in the above theorem can be obtained by considering (unram- 
ified) finite coverings X' of the manifold X. This is the content of the following 
proposition. It can be seen as an improvement of the approximation theorem and 
will play a key role in the structure theorems of the next Section. 

Proposition 6.5. Let X be a compact Kahler manifold such that s — dimcTx = 
dime i}x/i)x ^ 0. There is a finite Abelian covering X'^ of an arbitrarily small b- 
deformation A"e of X , which is the suspension over a torus T ~ /A, of dimension 
s' > s, associated to a representation p: A — > Autc(-F) with the following properties: 

(i) F is a connected compact Kahler manifold with t)p/t)^p — 0, i.e. F has no 
non-singular holomorphic vector fields, 

(ii) p(A)cAut^(F). 

Remark 6.6. The manifold X'^ can also be seen as a (small) 6-deformation of a finite 
Abelian covering X' of X. This follows from Proposition l5.13l 

Proof. Let ax be an central Abehan subalgebra of l)x fulfilling [)x = ax (Bi)x- It 
defines a locally free C-action on X and, by the above Theorem 16.31 there is an 
arbitrarily small 6-deformation X^ of X which is the suspension Fi x C'' associated 
to a representation pi : Ai — > Aute(^i). Notice here that, applying Proposition l5.9l 
we have ax C i)x^ ■ Therefore we can chose ax, = ax as the complementary of [}^ 
in i)x,- 

As in Remark 16.41 (c) above, we consider the sublattice A[ = pj^^(Autp(Fi)) 
of Ai. Then the suspension X^ = Fi X\i^ C is an Abelian finite covering of 
Aj — X} /Ti where Fi = Ai/A[. More precisely, each vector field on X^ lifts to a 
unique vector field on X^ and therefore we can identify ax, — ax to an Abelian 
subalgebra of that we still denote by Ox- Then there are Vi G ax such that the 
monodromies ^1(7) for the set of elements 7 G Ai generating Fi lie in (71, . . . , 7^), 
where 7^ = expi{vi). 

If Fi has no vector fields without zeros we are done. So, assume that f)Fi/f)Fj 7^ 0. 
In that case we choose a subalgebra Oi?j of the center of such that t}Fi = aFi®i)p^ 
(cf. Proposition 1 1.6|) . Since pi{A[) is contained in Aute(F'i) each element w of a^i 
is pi(A']^)-invariant. This implies that w is the restriction of a globally defined 
holomorphic vector field w on X^ without zeros and commuting to ax- More 
precisely, w is the projection over Fi x Ai C'' of the vector field {w, 0) on the product 
manifold Fi x C^. Remark that, by construction, o^i = ax (B ap^ is Abelian and 
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that t)x^ = <^x^ ffibjfi- Denote r ~ dimajfi > s, and repeat the above construction 
beginning with instead of X. 

There is a small &-deformation Xg of X^ which is the suspension F2 x A2 C'' over 
a torus /A2, associated to a representation /92 : A2 — >■ Autc(i^2)- We see, using 
Proposition (233 that Xg is a, finite Abelian covering of a 6-deformation Xs of X. 
And, as above, a^i is an Abelian subalgebra of [}v-i with [)v-i = a^i ® bVi- In 
particular, 7^ = exp]^(?;i) can be seen as holomorphic transformations of Xg. 

We set A'2 = p^^(Autc(i^2)) and we define X| = F2 Xa- C. Then X] is 
a finite Abelian covering of Xg — Xg/T2 where r2 — A2/A2. Also as above, 
Qxi = Qx ffi O-Fi is naturally included in 1)x1- It follows in particular that the 
automorphisms 7^ = expi{vi) for G can be lifted as biholomorphisms 7^ of 
Xg. This already implies that the composition 

Xg — > Xg — > Xs 

is a regular covering. Moreover, we can realize the monodromies ^2(7) for a set 
of elements in A2 generating T2 within a subgroup of automorphisms (71, . . . , 7m), 
where 7^ = exjpi(wj) and Wj G Ox^- Since all the biholomorphisms 7.^ and jj are 
exponentials of vector fields belonging to the same Abelian algebra, they commute 
to each other proving that the regular covering Xg — > Xg is in fact Abelian. 

If F2 does not have non-singular vector fields we have done. If this is not the 
case we repeat again the above construction starting with Xg. Since the rank of 
locally free actions is bounded by the dimension n of X this procedure ends after 
a finite number of steps. □ 

Remark 6.7. Let i)x = o.x ® f)xi with ax central, and X'^ = F Xa be as in the 
above Proposition. Along the proof it is shown that the Lie algebra decomposition 
bx^ = cix^ ffi can be taken with the property that ox^ is generated by the 
projection over X'^ of linear vector fields on and that the lift to X'^ of ax — ax, 
is included in ax' ■ 

We are ready now to establish our refinement of Calabi's Theorem l0.2l which was 
originally stated by Calabi in [Sj with solvable Galois group F,. It was proved by 
Bogomolov in [7 for complex projective manifold X with Abelian F and extended 
by Beauville ,3 who showed that for a suitable finite F the factor F is a simply- 
connected manifold with special holonomy. 

Corollary 6.8. Let X be a compact Kahler manifold with ci{X) — 0. Then X 
admits a finite, Abelian etale covering X' — F x T with Galois group F, which 
is the product of a complex torus T of dimension bi{X')/2 and a compact Kahler 
manifold F with ci(F) = and bi{F) = 0. 

Proof. If a compact Kahler manifold has a trivial first Chern class ci{X) = then 
the natural couphng between \)x and H^{M, fl]^) is non degenerate (cf. [17]). This 
implies that Autc{X) is a complex torus, and in particular f)x = ox- Therefore, in 
that case there is a unique locally free C action zu of maximal rank s = dim ax = 
hi{X)/2. 

The non degeneracy of the above coupling also implies that the foliation F 
determined by the action w does not have basic 1-forms. Hence (X, zu) does not 
have non-trivial 6- deformations and the approximation theorem says in that case 
that X is already a suspension F x\ C*. Now the statement can be proved as 
the above theorem just remarking that, at each stage, the fiber manifold F also 
fulfills ci{F) = (cf. 12. 9p and therefore there is no need to consider tangential 
deformations. □ 
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7. Structure of Kahler manifolds with non vanishing vector fields 

With the exception of Proposition l7.ll we assume from now on that the compact 
complex manifold X endowed with a locally free C^-action is of Kahler type. As 
we pointed out, examples of such kind of manifolds are given by (i) complex tori, 
(ii) flat principal torus bundles over a Kahler manifold and (iii) suspensions over a 
torus T = C*/A with fiber a Kahler manifold F and monodromy p: A Aut° (F). 

A natural question is whether that list of examples covers all the possible Kahler 
manifolds X with locally free Abelian actions. The answer is positive, up to a finite 
covering, if the action has codimension one, i.e. if s = n — 1 (as it was proved by 
F. Bosio in [S]), if ci{M) = fCorollarv l6.8p or if the manifold X is projective (as 
it is proved in Section |3]) . 

In this section we show that, for a general Kahler manifold, the answer is also 
positive but up to a finite covering and up to a (small) tangential deformation of 
the manifold. The first two Propositions are precise statements of this fact. We also 
show (Examples (j7.6p and (j7.7p ) that tangential deformations cannot be avoided. 

Afterwards, combining tangential deformations with deformations of represen- 
tations, we are able to give a general structure theorem for Kahler manifolds with 
locally free Abelian actions (Theorem (|7.11l) '). From it we deduce that such a man- 
ifold X has a finite covering which is a (non necessarily small) deformation of a 
product FxT. Also as a corollary of that construction, we prove that the manifolds 
Xr in the versal family Xji of tangential deformations of X are Kahler manifolds 
for each r G R. 

Assume that the Abelian group defining the action on X is a complex torus. 
It was proved by Fujiki [17! ^^'^ Lieberman [29J that, under this hypothesis, the 
manifold AT is a Seifert fibration with the torus as the typical fiber. The following 
statement is an slight improvement of that result. 

Proposition 7.1. Let X be a compact manifold in the class C endowed with a 
locally free C^-action. Assume that all the orbits of the action are closed. Then X 
is the quotient by an Abelian finite group of a flat torus bundle X' 

T ^ X' 

i 
F 

where T is a complex torus of dimension s and F is a compact manifold in the class 
C. Furthermore, there is an arbitrarily small b-deformation A^ of X such that X^ 
is a finite quotient of the product manifold FxT. 

Proof. By Theorem 16.31 there is a small 6-deformation A^ of X that is the suspen- 
sion F Xa over a torus T — C /A defined by a representation p: A = tti{T) — ;> 
Autc(F'). The orbits of the action on are still closed and all orbits arc finite 
coverings of T. In particular all the elements of H = p{A) are of finite order and 
this implies that the group H itself is finite (cf. [H]). Hence, the C*-action on 
Xf defines a Seifert fibration over the complex orbifold F ^ F/H. Notice that the 
natural projection F ^ F is a ramified covering. 

Set To = C^/Aq, where Aq = ker p. The pull-back of the fibration A^ ^ T by the 
covering map Tq ^ T has total space an Abelian finite covering X'^ of X^ naturally 
identified to the product F x Tq. Indeed, since H = A/Aq we have X^ = F x h Tq. 

Finally, notice that there is an Abelian finite covering X' of X such that X'^ is 
a 6-deformation of X' (cf. Proposition 15 . 13p . Then the covering space X' has the 
required properties. □ 
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Remark 7.2. It follows from the above proof that, under the hypothesis of the 
theorem, X is a Seifert fibration over a good orbifold, i.e. an orbifold which is the 
quotient of a manifold by a finite group. 

Combining previous results we can state 

Proposition 7.3. Let X be a compact Kdhler manifold endowed with a locally 
free -action, where s = dime \)x/^\- There is a finite Abelian covering X'^ of a 
small h-deformation Xf of X , a torus T of dimension s' > s and a compact Kdhler 
manifold F without non vanishing vector fields in such a way that 

(i) ?/ = then X'^ = F xT, 

(ii) i/t)x 7^ ^ then X'^ is a suspension overT with fiber F , monodromy m Autf;(_F), 
and f)i? = f)]^ ^ 0. In particular F and X are uniruled manifolds. 

In both cases kod(F) = kod{X). 

Proof. Recall that f)^ = implies that Aut'^{X) is a torus and in that case the 
orbits of the action are closed. Hence case (i) follows from Proposition 16.51 and 
Proposition 17. II 

Without loss of generality we can assume that the subalgebra a has been chosen 
in the center of f)x. Then the space of vector fields with zeros is the same for every 
tangential deformation of the manifold (cf. Proposition 15. 9p . Therefore, we can 
apply again Proposition 16.51 to case (ii), and we have ij^^O and also l)p ^ 0, as 
vector fields with zeros are always tangent to fibers in the case of suspensions. In 
particular the manifolds X and F are both uniruled by virtue of Theorem 11.81 

Finally, the last statement follows directly from Proposition l5.16l CoroUarv 12.91 
and from the fact that taking an (unramified) finite covering does not change the 
Kodaira dimension. □ 

Remark 7.4. If f)^ ^ then X is a uniruled manifold and therefore kod{X) = —oo. 
So there are the following possibilities according to the Kodaira dimension of X: 

(a) kod{X) > 0. Then we are in case (i) in the above proposition and the manifold 
F fulfills the stronger condition t)p — 0, because kod(F) > 0. 

(b) kod{X) = — oo. Since the C*-action can have closed orbits both possibilities, 
(i) and (ii) in the above proposition, can occur. 

We are now ready to complete the proof of Theorem 10.31 

Proof of Theorem \0.S[ The algebraic case follows from Theorem 13.21 The general 
statement follows directly from Proposition 17.31 Remark 17.41 and from the observa- 
tion that, when kod{X) > 0, the connected component of the identity Autc(i^) of 
the group of automorphisms of the fiber manifold F reduces to the identity. □ 

We give here two examples showing that, in order to obtain a complete classifica- 
tion up to finite coverings of Kahler manifolds with non-singular vector fields, one 
cannot avoid the use of tangential deformations. More precisely, we exhibit exam- 
ples of Kahler manifolds X endowed with a locally free C-action with the property 
that neither X nor any finite covering X' of X are suspensions or torus bundles. 
We will use the following characterization of manifolds that are suspensions over a 
complex torus in terms of their Albanese torus. 

Proposition 7.5. Let X be a compact Kdhler manifold with s = dime Tx = 
dimcf)x/f]x 0- -^^^ manifold X is a suspension over an s-dimensional torus 
T" with a connected fiber if and only if the Albanese torus Alh{X) splits, up to 
isogeny, as a product Tx x T' 
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Proof. Assume that p: X — > is a suspension. The universal property of A\h{X) 
gives a commutative diagram 

X Alb(X) 




Then the restriction of ip to Tx is a surjective group homomorphism with finite 
kernel and Alh{X) is isogenous to Tx x ker-0. 

Conversely, if A\h{X) is isogenous to Tx x T' there is a surjective group homo- 
morphism ^ : Alb (A") — > Tx- The composition ip o (j) : X ^ Tx is an immersion 
when restricted to the orbits of the C*-action, hence it defines X as a suspension 
over Tx- Finally, by replacing Tx by a finite covering of it, we can assume that the 
projection ij} o (j) has connected fibers (cf. Remark l6.2p . □ 

Example 7.6 {Examples that are not suspensions). Let Cg be a compact Riemann 
surface of genus g > I, and 11 its 5 x 2g period matrix for fixed basis of Hi{Cg, Z) 
and H°{Cg,nl; ). If A = H • Z^f is the lattice of C^* generated by the columns of 
the matrix H then Alb(Cg) = /A. Let E = C/(Z © Zr) be a fixed elliptic curve. 
The complex tori T that are extensions of the type 

(18) 0^ E ^T ^ Alb(Cg) ^ 

are parametrized by the {g + 1) x {2g + 2) complex matrices of the form 

/I T ei ... e2g \ 



: : n 

Vo J 

Denote by Tg the extension defined by the fixed period matrices (l r) and H, 
and a given vector e = (ei, . . . , e2g) G C^^. Then T^ is the Albanese torus of an 
elliptic surface Se, which is the analitically locally trivial fibration 

E ^ Se 
i 

Co 

having as monodromy automorphisms the translations by ei, . . . e2g & E = C/(Z© 
Zr) along the selected basis of Hi{Cg,Z). That is, Se is the suspension over Cg 
associated to the representation pe : T^iiCg) — > E induced by the above translations. 
As the monodromy is isotopic to the identity, Se has even first Betti number and 
therefore it is a Kahler surface. Notice also that the Albanese morphism (j)s^ '- Se 
Te = Alb(S'e) maps Se isomorphically onto its image (/fs^iSe) C Te and that the 
map (jjs^ identifies E with the subtorus Ts^ — <i>(Aut° (^e)) of Alb(S'e) canonically 
associated to Se- 

The elliptic surfaces Se are endowed with a locally free holomorphic C-action 
given by the constant tangent vector fields of the fiber E, as they are preserved by 
the monodromy automorphisms of the suspension Se Cg- By Proposition 17.51 
a necessary condition for Se to be a suspension over a (one-dimensional) torus is 
that its Albanese torus Te splits, up to isogeny, as a product E x Alb(Cg). Yet 
it is known that the exact sequence pB]) splits up to isogeny for only countably 
many choices modulo isomorphism equivalence of extension data, while the set of 
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all extensions modulo isomorphism equivalence is a (^-dimensional complex analytic 
variety (cf. [3]). 

Therefore, a generic choice of e S C^^ yields a Kahlcr elliptic surface Se, which 
has a locally free C-action along its fibers, but is not a suspension over a torus 
(although it is a suspension over Cg by construction). Suspensions over tori that 
are projective manifolds can be characterized in terms of their Albanese torus as it 
is stated in Proposition 18.61 In particular and by virtue of Poincare's reducibility 
theorem, the manifolds Se so constructed are not projective and their Albanese tori 
Alb(S'e) are not Abelian varieties. 

Finally, consider a finite covering Se of Se ■ Necessarily, Se is also a i?-principal fi- 
bration over a Riemann surface Cg , where E and Cg are finite coverings of E and Cg 
respectively. If Se were a suspension over a torus then it would be a finite quotient 
of a product of two Riemann surfaces and hence a projective manifold. In that case 
Alb(iS'e) would be an Abelian variety and, as the natural map Alb(S'e) — !■ Alb(5e) 
is surjective, Alb(S'e) would also be an Abelian variety leading to a contradiction. 

Example 7.7 (Examples that are neither suspensions nor torus bundles). Using 
the above example we construct now a compact Kahler 3-fold X endowed with a 
locally free C-action in such a way that neither X nor any of its finite coverings are 
a suspension over a torus or a torus bundle. 

Choose a closed Riemann surface Cg, an elliptic curve E and a Kahler elliptic 
surface Se which is not a suspension over a torus, as in Example 17.61 Let L € 
Pic'^{E) be a flat line bundle over E which is non-torsion. Sum L with the trivial 
local system to get a rank 2 one, V = C (B L, and let Y = Pe{V) be the ruled 
surface over E obtained by projectivizing the holomorphic rank 2 vector bundle 
defined by F Ob. 

The ruled surface Y admits a locally free holomorphic C-action, given by parallel 
transport along the fiat connection on V, with the property that the projection 

Y ^ E is equivariant when we consider on E the natural C-action. It induces a 
group morphism C — ^ Autp(y). 

The monodromy morphism pe : 7ri(Cg) E defining the elliptic surface 5*6 of 
Example 17.61 can be lifted to a morphism pe : TTi{Cg) — > C from 7ri(Cg) to the 
universal covering C of E. Then the representation 

^C^ AutO(y) 

defines an analytically locally trivial fibration X which is a suspension over Cg with 
fiber Y 

Y — > X 

i 

and it follows from Blanchard's criterium Theoreme principal II] that A" is a 
Kahler manifold. Notice that the 3-fold X is naturally endowed with a locally free 
holomorphic C-action, coming from the fiat parallel transport of Y over E, which is 
invariant under translations in E and may therefore be glued under the monodromy 

V ope. 

Each holomorphic vector field on Y projects over E, hence there is a natural 
surjective morphism -q: Autc(y) — > AvLi^{E) = E fulfilling 



Pe ^ -q O V O Pe 
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SO we may glue the projections Y ^ E to get a commutative diagram of analytically 
locally trivial fibrations 

X — y Sq 

\ i 

The fibration X — > 5e has fiber CP^, so it induces an isomorphism A\h{X) ~ 
Alb(iS'e) and an identification of the Albanese images (f>x{X) — <j){Se)- Therefore 
the subtorus E C Alh{X) does not have a complementary subtorus, even up to 
isogeny, and X is not a suspension. In particular the manifolds X and Alb(X) are 
not algebraic. 

Moreover, two choices of local systems V = C ® L,V' — C ® L' yield isomor- 
phic ruled surfaces Y and Y' = PEiV) if and only if L' = L®±i (cf. III.7]). 
Therefore, the choice of a non-torsion line bundle L assures us that the orbits of 
the C-action on Y do not cover E with finite degree, and this implies that neither 

Y nor X can have the structure of a torus bundle. 

We remark finally that each unramified finite covering of X has the same prop- 
erties. Indeed, a finite covering X of X is necessarily an analytically locally trivial 
fibration over a Riemann surface Cg with fiber a ruled surface Y such that Cg and 

Y are finite coverings of Cg and Y respectively. Moreover, there is a finite cov- 
ering q : E ^ E such that Y is the projectivization f'j^{V') of the rank 2 bundle 

Y — q*V = C©g*L. Since the line bundle q*L over E is also non-torsion the man- 
ifolds Y, X cannot have the structure of a torus bundle. The fact that X' cannot 
be a suspension over a torus follows from the same argument used to discuss the 
previous example. 

In order to describe more accurately the structure of Kahler manifolds X hav- 
ing non-singular vector fields, specially of those fulfilling ()^ > 0, we introduce 
here a more general class of deformations that combines the notion of tangential 
deformation introduced above with that of deformation of representations. 

In the sequel we assume that a lattice A of C^, as well as a set of generators of it, 
7i I ■ • ■ : 72s , have been fixed. We write "fj = expj^ {vj ) with Vj a linear combination 

s 

(19) v^=Y.B}v, 

1=1 

of the coordinate vector fields vi, . . . ,Vs of and where expj (w) stands for the 
exponential of a vector field w, at the time t . 

Let us consider the product Z = F x C where F is a fixed compact Kahler 
manifold. We assume that F has no vector fields without zeros and we fix an 
Abelian subalgebra b i)p — [}f (we do not exclude the case b = 0). We think of 
the coordinate vector fields vi, . . . ,Vs of as defined on the product Z = F x 
and, in the same way, we identify each web with the vector field {w,0) on Z. 
Then b and the vector fields Vi generate an Abelian Lie algebra 3 of dimension 
dime i = s + dime b. 

We fix vector fields wi,. . . ,W2s in b and define tp^ — exjpi{vj + Wj), for j = 
1, . . . , 2s. Then (p^, . . . , tp'^^ are commuting biholomorphisms of Z defining a free 
Z^^-action on Z. The quotient manifold Z is naturally endowed with the locally 
free C*-action induced by the projection of the vector fields Vi. Notice that Z is a 
suspension over the torus C/A with fiber F. If the vector fields Wj are all zero, 
then the manifold Z is just the product F x C/A. 

We generalize now the above construction of the manifold Z in the following 
way. Here, we denote by a^, . . . the dual basis of ui, . . . , Ws, also thought as 
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holomorphic l-forms on Z. We consider the tangential deformations of the en- 
action on Z as defined in Section [5] That is, for a given r = (C, 6') G S = End C © 
(a^, . . . , a''), we define a\. as in ([TU)l . we denote by i? the subset of S fulfilhng 
the conditions stated in Definition 15.11 and we define new vector fields v\ by the 
condition v[ = Cv\, where v\ are the vector fields on Z that are tangent to the 
C*-action and are determined by the conditions a\k^'j) = Sj and al{vj) = 0. 

We denote by Zr the product F x endowed with this new complex structure 
and with the holomorphic C^-action determined by the vector fieds w[. Notice that 
b and v[, . . . ,vl generate an Abelian Lie algebra 3^ of holomorphic vector fields on 
Zr ■ Finally, we consider the vector fields u[ , . . . , on Zr defined as 

(20) = E 

i=l 

Definition 7.8. Let A be a fixed lattice of C. Let F be a compact Kahler manifold 
without nonsingular vector fields and let b be an Abelian subalgebra oi i)p — f)F- 
Fix vector fields wi, . . . , W2s in b and, for a given u — (ai, . . . , 02^) in C'^'* and 
r R, define the commuting automorphisms (pl^ ^ of Zr by 

(21) ifi^r = expi(w} + ajWj), 

where are the vector fields defined in (QUI) . Let S be the subset of C^** x i? of 
those pairs {u, r) such that the Z^'^-action on Zr defined by the automorphisms ip{^ ^ 
is free. In that case we denote by Z^^r the quotient manifold. 

The family Zs = {Z^^r} is a holomorphic family of deformations of compact 
complex manifolds endowed with locally free C^-actions parametrized by S. 

Remarks 7.9. (a) If (u, r) is an element of S then (t ■ u, r) also belongs to S for each 
t e [0, 1], hence 5 is a connected set containing a neighborhood of i? = {0} x R. 
The restriction of the family Zs to {0} x i? is just the product of F with the family 
of complex tori. 

(b) The manifolds Z^^r are not necessarily suspensions over a torus. In fact each 
(small) tangential deformation of Z^^r is an element of Zs- 

Proposition 7.10. The complex manifolds Z^^r of the family Zs defined above are 
Kahler manifolds for each {u, r) £ S . 

Proof. The manifolds Zo^r, being products of F with complex tori, are all Kahler 
manifolds. The stability theorem of Kodaira implies that Z^^r are also Kahler 
manifolds for u small enough. Now let an element Z^^r of the family Zs be given. 
We notice that Z^^r is a finite covering of the complex manifold Ym defined as the 
quotient of Zr by the automorphisms 

= expi/„(5J + ajWj) = expi(— i)J + —Wj) 

where m is a positive integer. Hence it suffices to prove that Ym is a Kahler manifold. 
But the map ft, : F x — > F x defined by h{z,t) = {z,mt) is a holomorphic 
automorphism of Zr that induces a biholomorphism from Ym onto Z^'.r, where 
u' = u/m. Since m can be taken arbitrarily big, Zu'^r is arbitrarily close to Zo^r 
and this ends the proof. □ 

Now, we are able to prove now the main result of this section: 

Theorem 7.11. Let X be a compact Kahler manifold with non-singular vector 
fields. There is a finite Abelian covering X' of X, a lattice A of C , a compact 
Kahler manifold F with bi\. — BL^d vector fields wi, . . . , W2s in an Abelian sub- 
algebra b of f)F such that X' is biholomorphic to a manifold Z^^r in the family Zs 
constructed above for a suitable pair {u,r) G S . 
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Proof. Wc know the existence of the covering X' of X, a. small tangential deforma- 
tion X'^ of X' and a compact Kahler manifold F without non vanishing vector fields 
such that X'^ is the suspension over a torus T = C*/A associated to a representation 
p: A — >■ Autc(F) (cf. Proposition 16. 5p . Remark that it is sufficient to prove that 
X'^ belongs to the family Zs- 

If p reduces to the identity then we are in case (i) of Proposition 17.31 and the 
assertion is clear as = FxT. So, assume that p is not constant and let 71 , ... , 72s 
be a set of generators of A. Notice that Aut° (F) is an algebraic group. This is a 
consequence of Fujiki-Lieberman theorem because tjp — '^p- Therefore the Zariski 
closure B of p(A) in Aut^(F) is an Abelian algebraic group and in particular it has 
a finite number of connected components. So, replacing X' by an Abelian finite 
covering if it is necessary, we can assume that the group B is connected. Let b 
be the Lie algebra of B. As connected Abelian Lie groups are exponential, we can 
write p(7j) = expi{wj), for j = 1, ... ,2s and suitable vector fields Wj G b. Then 
the lattice A, the Kahler manifold F, the Abelian Lie algebra b and the vector fields 
wi, . . . , it;2s fulfill the required conditions. □ 

As a corollary we obtain 

Corollary 7.12. Let X be a compact Kahler manifold endowed with a locally free 
C'^ -action. Then there is a finite Abelian covering X' of X , which is a deformation 
of the product F x T of a Kahler manifold F without non vanishing vector fields 
and a complex torus T . 

Remark 7.13. Notice that s = dime Tx = dimc(]x/fljf can be smaller than the 
dimension of T. 

We are now in situation of proving Theorem 15.171 i.e. if X is a Kahler manifold 
then each Xr in the versal family Xn of tangential deformations of {X, m) is also 
a Kahler manifold. 

Proof of Theorem \5.17\ Let r £ i? be given. An easy computation shows that if 
r' is close enough to (id, 0) then Xr can be identified to an element of the versal 
family {Xr')R of Xr>. Hence we can assume without loss of generality that the 
Kahler manifold X is already a suspension over a torus T = C*/A. Since finite 
coverings and finite quotients of Kahler manifolds are Kahler manifolds too, we can 
also assume that X is the suspension over T of a representation p: A — > Aut^(F), 
where -F is a Kahler manifold without non-singular vector fields. 

As in the proof of Theorem l7.11l we can write p(7j ) — expj^ [wj ) , where 71 , . . . , 72s 
are set of generators of F and Wj are suitable vector fields in an Abelian subalgebra 
b of \:)p. Then, if we set 7^ — expi{vj) = expj(^ ^ the manifold X is 

the quotient of Z = F x by the Abelian group generated by the automorphisms 
if^ = expiivj + Wj). Hence X is an element of the family Zs associated to A, F and 
the commuting vector fields Wj on F. We claim that Xr belongs also to the family 
Zs. Indeed, Xr is the quotient of Z by the group generated by the automorphisms 

exPi(XlS]wJ + Wj), 

that is Xr coincides with the manifold Zu-^^r where ui — (1,...,1). Now the 
statement is a consequence of Proposition 17.101 □ 

8. Locally free C^-actions on Kahler manifolds with small 

codimension 

In this section we classify compact Kahler manifold X endowed with a locally 
free holomorphic C-action when the codimension of the action is rt — s < 2. Recall 
that, by inequality ([3]), we have kod(X) < ^ s. 
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li s — n the manifold X is a quotient of C*, hence we have (notice that the 
hypothesis of being Kahler in not needed here) 

Proposition 8.1. Assume that s = n = dime ^ , then X is a complex torus. 

The case s = n—1 was first discussed by Bosio (cf. |8j ) . The following statement 
is a slight improvement of Bosio's result. We give here an alternative and simpler 
proof. 

Proposition 8.2 (Bosio). Assume that s > n — 1. Then 

(i) //kod(X) = 1 then X has a finite Abelian covering X' which is a {n~\)-torus 
bundle over a Riemann surface Cg of genus g >2. Moreover, there is a torus 
T and a small b-deformation X'^ of X' such that X'^ = Cg x T . 

(ii) //kod(X) = then X has a finite Abelian covering X' which is a torus. 

(iii) //kod(X) — — oo then X is a suspension over a torus T with fiber CP^ ; that 
is, X is a flat ruled manifold over T. In this case (}^ ^ 0. 

Proof. Notice that a small 5-deformation X^ of X is a suspension over a torus T 
with a fiber F that can be a Riemann surface of genus g > 2, an elliptic surface or 
CP^. As kod(J^) — kod(Xe) = kod{X) these three cases correspond respectively to 
kod(X) equal to 1, or — oo. 

The first two statements follow directly from Proposition 17.11 (cf. Remark 17. 4p . 

If kod(X) — —oo then F = CP^. But, since in this case bi{F) — 0, the manifold 
X has no 6-deformations and X = X^. Hence X is a flat ruled manifold over 
T. Notice finally that, as the monodromy p : tti{T) PGL(2,C) defining the 
suspension is Abelian, it fixes a vector field of CP^. This proves that f)^^ ^ 0. □ 

Remark 8.3. Let X be a compact complex manifold in the class C endowed with a 
locally free C^-action. If n — s < 1 then X is a Kahler manifold. Indeed, if s = n 
Proposition (|8.1I) applies and A" is a torus. If s = n — 1 then a small tangential 
deformation X^ is a suspension over a torus T with fiber a Riemann surface C. 
Since b2{C) = 1 the suspension is a Kahler manifold (cf. [3ni Corollary 3.21]) 
and Theorem (I5.17P implies that X is also of Kahler type. 

Proposition 8.4. Assume that s > n — 2. Then 

(I) // kod(A) > then X is a (n — 2)-torus bundle over a Kahler surface F. 
Moreover, there is a torus T , a finite, Abelian covering X' of X and a small 
b-deformation X'^ of X' such that X'^=FxT. Ifbi{F) = then X' ^FxT. 
Furthermore 

(i) //kod(A) = 2 then F is a surface of general type. 

(ii) //kod(A) = 1 then F is an elliptic surface. 

(iii) //kod(A) = then the minimal model of F is a K3 surface or a torus. 
If F is a torus then X is a quotient of a torus. 

(II) //kod(A) ~ — oo then the manifold X is uniruled and it has a finite, Abelian 
covering X' which belongs to one of the following types: 

(i) A suspension of a group representation p ; tti (T) — > Aut^ (F) where F 
is a rational surface. 

(ii) A small b-deformation of the suspension of a group representation p : 
7ri(T) — ^ Aut^{F) where F is a ruled surface over a Riemann surface 
of genus g > 1. In this case the manifold X' is ruled. 

Proof. Let us consider a small 5-deformation A^ of X which is a suspension over a 
torus T with fiber a Kahler surface F. Then kod(F) = kod(X). 

Assume first that kod(A) > 0. In that case the statements follows from Propo- 
sition [7jT] and Remark 17.41 We just notice that, if kod(A) = then F is a Kahler 
surface whose minimal model Fq can be a KS surface, a torus, an Enriques surface 
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or a bielliptic surface. Since Enriques surfaces and bielliptic surfaces are Abelian 
quotients of K3 surfaces and torus respectively, by considering an appropriate finite 
covering one can assume that Fq is of one of the first two types. 

Suppose now that kod{X) = — oo. A smaU fo-deformation X'^ of an Abehan finite 
covering X' of X is the suspension over a torus T associated to a representation 
p: 7ri(T) — )> Autc(-F'), where kod(i^) = — oo. Thus, F is either a rational surface or 
a ruled surface over a Riemann surface of genus g > 1- 

If F is rational, bi{F) = and the manifold X^ admits no &-deformations, 
therefore X = X^. 

If F is a ruled surface then there is a geometrically ruled surface F obtained 
by recursively blowing down rational (— l)-curves of F. The set of (— l)-curves is 
discrete, so any element of Aut^ (F) fixes them. Therefore there is well defined group 
morphism Aut^(_F') — Aut£(-F). The composition of the monodromy p with that 
morphism defines a suspension manifold X'^ with the following two properties: (i) it 
is geometrically ruled and (ii) it is obtained from X'^ by recursively contracting the 
families of (— l)-curves. In particular X'^ is bimerophic to X'^ and ruled. Moreover 
the non-trivial fibers of the contraction X'^ X'^ are transverse to the action. This 
allows us to define a tangential deformation X' of X'^ such that it is dominated 
by the tangential deformation X' of X'^ . By Proposition 15.141 the manifold X' is 
geometrically ruled and so X' is ruled. □ 

In the case of kod(X) ~ — oo we derive the following consequence: 

Theorem 8.5. Assume that s > n — 2 and, in the case s = n — 2, let us suppose 
also that kod{X) — — oo. Then there is an arbitrarily small tangential deformation 
X^ of X which is a projective manifold. 

In order to prove the theorem we begin by characterizing when a suspension over 
a torus is a projective manifold. The following proposition is a direct consequence 
of a result by A. Blanchard [6j p. 198] since a manifold is projective if and only if 
a given (unramified) covering of it is projective. 

Proposition 8.6. Let F be a compact Kdhler manifold and T — C^/A a complex 
torus. Let X be the suspension of a group representation p: tti{T) — > Autc(i^) and 
assume that it is a Kdhler manifold. The following conditions are equivalent: 

(i) X is projective. 

(ii) F and Alb(A") are projective. 

In that case, the complex torus T is projective. 

Remark 8.7. An easy computation shows that if p(A) C Autc(-F) then Alb(Ar) is 
isomorphic to the suspension over the torus T of the group representation p' = 
^ o p: TTi{T) Alb(i^), where $ is the group morphism in the exact sequence ([T]). 

Proposition 8.8. Let F be a compact projective manifold with i)p/l)p = 0. A 
Kdhler manifold X obtained by suspension over a torus T of a group representation 
p : TTi (r) — > Autc (F) is projective if and only if T is projective. 

Proof. We can assume that p{A) C Aut" (i^). As F admits no vector fields without 
zeros the map <& is identically zero, therefore A\h{X) — Alb(i^) x T. □ 

Proof of Theorem \8.5l By Proposition 16.51 there is a small tangential deformation 
X!^ of a finite covering X' of X which is a suspension over a torus T and has a fiber 
F fulfilling i)F/^F = 0. With the hypothesis made, is a projective manifold and 
the above Proposition applies. 

A t-deformation X'^ of X'^ is still a suspension with the same fiber F and over a 
suitable deformation of the torus T (cf. Example l5.12p . As Abelian varieties are 
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dense in the space of complex tori we can assume that is projective and in that 
case X'^ is projective too. Finahy, X'^ is a finite covering of a tangential deformation 
Xg of X which is also an algebraic manifold. □ 

In the case of projective manifolds with kod{X) > we can replace the use of 
tangential deformations by Theorem l3.2l and we obtain a more refined classification: 

Corollary 8.9. Let X be a complex projective manifold of dimension n, with 
kod(X) > 0, and such that it admits a locally free holomorphic -action with 
s > n — 2. Up to a finite, etale, Abelian covering, X is either of the following: 

(i) T", 

(ii) a product Cg x with Cg a closed Riemann surface of genus g > 2, 

(iii) a product FxT"^'^ with F a complex projective surface with kod(-F') = kod(X) 
and no tangent vector fields, 

with denoting an Abelian variety of dimension k. 

Applying the classification of compact complex surfaces to Corollarv 18.91 we de- 
rive the following 

Corollary 8.10. Conjecture \0.4\ is true for projective manifolds X with a locally 
free holomorphic -action of rank s > dime ^ — 2. 

Proof. By Corollary 18.91 such X admits as a finite etale cover either an Abelian 
variety, or a product F x T"~^ with T"~^ another Abelian variety and F a surface 
with kod(i^) = 0. By the Kodaira-Enriques classification of surfaces F can be an 
Abelian, hyperelliptic, K3 or Enriques surface. In the two first finite etale 

cover becomes an Abelian variety. In the two last cases, an etale cover of degree 1 
or 2 becomes a torus times a simply connected F' with kod(F) = 0. □ 

9. Dynamics of holomorphic vector fields 

A tangent vector field on a manifold defines a 1-parametric flow, consisting of 
biholomorphisms if both are complex analytic. The flow is complete when the 
manifold is compact. 

Consider the continuous dynamical system (X,v), formed by a compact Kahler 
manifold X and a holomorphic tangent vector field v on X. The classification of 
compact Kahler manifolds with tangent vector fields provided in Theorem 10. 31 and 
Proposition 17.31 mav be applied to study the dynamics of such dynamical systems. 
This is a refinement of the study carried out by D. Lieberman in [5H] and [33]. The 
conclusion is that their dynamics reduce to the case of an Abelian Lie group action 
on a rational variety, i.e. on a variety bimeromorphic to CP". 

The classification of these dynamical systems is based on the decomposition 
described in Propositions II .41 and II .61 of the Lie algebra t}x of holomorphic vector 
fields on X as a direct sum 

where f)^ is the subalgebra of tangent vector fields with zeros and ax is a maximal 
rank Abelian subalgebra of vector fields linearly independent in every point x G X, 
which has been chosen in the center of i)x- Recall that, by Fujiki's Theorem ll.8l if 
i)x ^0 then X is uniruled. 

In the case of compact Kahler manifolds X with i)]^ = 0, Theorem 4.4 in [29] 
establishes that the dynamical system {X, v) is integrable, in the sense that X 
admits a Seifert fibration by tori defined by the closures of the orbits of the tangent 
vector fields. Proposition l7. 31 allows us to make the above result more precise: 
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Corollary 9.1. Let X be a compact Kdhler manifold with ()^ = (e.g., z/kod(X) > 
), and let v he a holomorphic tangent vector field on it. There exists a finite, 
Abelian, unramified cover X ^ X such that the dynamical system {X,v), where 
V is the lift: of v to X, is real- analytically conjugate to (F x T,v'), where F is a 
compact Kdhler manifold, T is a complex torus, and v' is a linear vector field on 
T. 

If X is a complex projective manifold then {X, v) is biholomorphic to (F x T, v'). 

Proof. Under the hypothesis l)x = 0, the group Aut° (X) is a torus and the vector 
field V is non-singular. By Proposition [731 ^ admits a small ^-deformation X^ and 
there is a finite Abelian covering X^ — >■ such that X^ = F x T where T is a 
torus and F does not have vector fields without zeros. Recall that X^ can be seen 
as a ^-deformation of a finite covering X oi X. Moreover X^ is real-analitycally 
isomorphic to X (cf. 16.41 (a)). Notice also that, by Proposition [531 the Lie algebra 
\)x, coincides with t)x = <^x- As we have noted in Remark 16. 7[ the commutative 
algebra ax of vector fields on Xg lifts to a subalgebra oi aj^ , the maximal Abelian 
algebra of non vanishing vector fields in formed by the vector fields that are 
tangent to the factor T. This proves the corollary. Notice that the last statement 
follows from Theorem 13.21 □ 

We consider now the case 0. 

Theorem 9.2. Let X be a compact Kdhler manifold with i}]^ 7^ and let v be a 

nonvanishing holomorphic tangent vector field on it. There exists a finite, Abelian, 
unramified cover X ^ X such that, if v is the lift to X of v, the dynamical system 
{X,v) is real- analytically conjugate to {X^,v' + w), where: 

(i) is a small b-deformation of X which is a suspension F X/t^ over a 
compact torus T = C*/A, with fiber an uniruled compact Kdhler manifold F 
without non-singular vector fields. 

(ii) There is a linear algebraic subgroup G C Aut^(i^), with G = C © (C*)'', such 
that the monodromy of the suspension p ; tti (T) = A ^ Aut°(i^) has values 
in G. 

(iii) w e Lie(G') C 

(iv) The lift of the vector field v' from _F xa to its cover F x is a linear 
vector field in . 

(v) [d',w] = 0. 

(vi) The topological closures G ■ x <Z F of the G-orbits are rational varieties. 

If the original tangent vector field v vanishes at some point in X , the above 
conjugation holds with v' = 0. 

If X is a projective manifold then {X,v) is biholomorphic to {Xf:,v' + w). 

Proof. Let ax be a central Abelian subalgebra of l)x such that l)x — ^x ®cix- By 
Proposition 17. 3[ X admits a small 6-deformation and there is a finite Abelian 
covering X^ — > X^ such that X^ is the suspension F XaC", over a torus T — C /A 
and with fiber a Kahler manifold F without non-singular vector fields, associated 
to a representation p: A = Tri{T) = Z^" — > Autc(-F'). As above X^ can be seen as a 
^-deformation of a finite covering X oi X. We set 

A 7ri(T) = (71,..., 72s). 

By Proposition 1731 and Theorem [T^ 1)^ = f)F and Aut^(i^) is a linear algebraic 
group. Hence the Zariski closure of p(A) is an Abelian linear algebraic subgroup. 
In particular it has a finite number of connected components. By replacing T by 
a suitable Abelian finite covering of it, we can assume that % = exp]^(^i) with 
holomorphic vector fields on F generating an Abelian subalgebra oi t}p — 1)^. 



36 



JAUME AMOROS, MONICA MANJARfN, MARCEL NICOLAU 



Let US write v = w + v', where w £ f)^ and v' (z ax- If w has zeros then 
v' — 0. The algebra ax is central, so [v',w] — 0. Using Proposition 15.91 we see 
that l)x^ — i)x, ax, — ax and f)x, = ^x, © ax,- Hence v,w,v' are holomorphic 
vector fields on and their lifts w, w and v' to X^, still fulfill v — ■w + v'&\)-x, 
and [v' .w] = 0. There is a Lie algebra decomposition [)^ = 1]^ © where the 

elements of a^^ are projections on = _F xa of linear vector fields on C and 
t)^ is naturally identified to a subalgebra of f)i? = t)]^. On the one hand, we have 
v' & a-x by Remark 16.71 On the other hand w is an element of /i^ since it is a 
vector field with zeros. In particular we can think of w as a vector field on F which 
is invariant by the monodromy. That is, fulfilling w — {p-y)fW for each 7 G A or, 
what is equivalent, 

expj,(^i),it; = w, for 1 = 1, . . . , 2s and fc G Z. 

Let H be the Abelian subgroup of Autc(-F') generated by the elements expj.(^i) 
and exp^{w), where i = 1, . . . , 2s, A; G Z and t G C. The Zariski closure G of iJ is an 
Abelian linear algebraic subgroup and by replacing again T by a suitable Abelian 
finite covering we can assume that G is connected. Therefore, the group G is of the 
form CP X {C*)i. 

The group Aut£(F) not only acts compactifiably on F in the sense of Lieberman 
but, by [171 Remark 2.3], it also admits a compactification Autc(i^)* which is 
a projective variety. The group G acts on i*" as a linear algebraic subgroup of 
Autc(-F'). The Zariski closure G* of G in Aut° (F)* compactifies the action of G in 
F. 

Let a; be a point in F and denote by G • a; its G-orbit. Then G - x — G/Gx, 
where Gx is the stabilizer of x. The Zariski closure G* of Gx in G* is algebraic 
by GAGA. Therefore G^ = G n G* is an algebraic subgroup of G. Let G° be 
the connected component of the identity in Gx- It is a connected Abelian linear 
algebraic subgroup of G, so the quotient G/Gx is also an Abelian linear algebraic 
connected group (cf. [23]). It follows that G/G^ is isomorphic to a group of type 
C^* X (C*)'. Since the orbit G ■ x — G/Gx is a finite quotient of G/G^, it is again 
of type X (C*)''. As the action of G in F is compactifiable, by [29i Proposition 
3.7] the orbit G • x is a dense Zariski open set of its closure G • x, which is therefore 
a rational variety. The fiber F is covered by such orbits, so it is uniruled. 

If X is a projective manifold then there is no need of considering tangential 
deformations by virtue of Theorem 13.21 □ 

Remark 9.3. In the case when the tangent field v vanishes at some point the torus 
T may be trivial, and our theorem says that the closures of the orbits of v are 
rational varieties. Applied to particular vector fields, this is already the central 
argument in the proof of Fujiki's Theorem 11.81 and Lieberman's version in |29j . 

The preceding results mean that, if one forgets linear vector fields on tori, the 
dynamics of a holomorphic vector field on a compact Kahler manifold reduce to the 
dynamics of an Abelian connected linear algebraic group (thus of type C x (C*)'') 
acting on a rational variety. 
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